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Let M be a smooth closed orientable surface. Let F be the space of Morse functions on M having fixed 
number of critical points of each index, moreover at least x(M) + 1 critical points are labeled by different 
labels (enumerated). A notion of a skew cylindric-polyhedral complex, which generalizes the notion of 
a polyhedral complex, is introduced. The skew cylindric-polyhedral complex IK (the "complex of framed 
Morse functions"), associated with the space F, is defined. In the case when M = S 2 , the polyhedron K 
is finite; its Euler characteristic x(J&) 1S evaluated and the Morse inequalities for its Betti numbers /3j(K) 
are obtained. A relation between the homotopy types of the polyhedron K and the space F of Morse 
functions, endowed with the C°°-topology, is indicated. 
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O roMOTonuuecKOM Tune npocTpaHCTB (J)yHKn,HH Mopca 

Ha noBepxHOCTHx 

E. A. KyupHBijeBa 

AHHOTail,HH 

IlycTb M — rjia,n,Kaa 3aMKHyTafl opiieHTHpyeMaa noBcpxHOCTb. IlycTb F — npocTpaHCTBO cpyHKinifi 
Mopca Ha M c cpiiKCHpoBaHHtiM kojihhcctbom kphthhcckhx tohck Kascfloro iiH^eKca, npineM He Me- 
Hee neM x(M) + 1 kphthhcckhx TO^ieK noMeieHti pa3jiHHHHMH mctkcIme (npoHyMepoBaHbi). BBefleHO 
noHHTHe Kocoro uHjiHHflpHHecKH-nojiHS^pajibHoro KOMnjieKca, o6o6rnaiorflee noHHTiie nojiHSflpajibHoro 
KOMnjieKca. OnpeflejieH kocoh uHjinH/jpHHecKH-nojinsflpajitHtiii komiijigkc IK (' 'komii jieKC ocHameHHbix 
cpyHKUHii Mopca"), accoHiiHpoBaHHbiii c npocTpaHCTBOM F. B cjiynae M = S 2 nojms/rp K KOHenepi; 
BbiHHCjieHa ero siijiepoBa xapaKTepHCTHKa x(K) h nojiyneHbi HepaBCHCTBa Mopca /ijih ero hhc&ji Bct- 
th (3j(K). YKa3aHa cbh3b roMOToniiHecKiix thiiob nojinsflpa K h npocTpaHCTBa F (pyHKHaK Mopca, 
CHa6?KeHHoro C^-Tonojioriieii. 

Bn6jiHorpa(pHa: 41 Ha3BaHHC. 

KjHoneBbie cjioBa: (pyHKinin Mopca, komiuickc ocHameHHbix cpyHKinifi Mopca, nojinsflpajibHbiH 
KOMnjieKC, C°°-TonojiorHa:, ypiHBepcajibHoe npocTpaHCTBO MO/ryjieii. 



1 BBefleHne 

HacTOHmaa pa6oTa HBjiaeTca npoflOJiJKeHneM pa6oTBi [1]. 

3a,z;aua H3yueHHH rjia^Kux (pyHKiiHli c "yMepeHHbiMn" oco6eHHOCTHMH Ha rjia,zrKOM MHoroo6pa3HH M 
aBjiaeTCH KjiaccnuecKoit. H3yueHHe Tonojiornn npocTpaHCTBa TaKnx cbyHKHnli KaK npaBHjio coctoht H3 
flByx uacTeft: 

°Pa6oTa BbinojiHeHa npn no/mepjKKe POOH (rpaHT N 2 10-01-00748-a), IIporpaMM&i noflflepjKKH BeflymHx HayrHbix hikoji 
PO (rpaHT N 2 HIII-3224.2010.1), IIporpaMMbi "Pa3BHTne HayHHoro noTeHiniajia BBicniefi ihkojibi" (rpaHT N 2 2.1.1.3704), OHII 
"HayiHBie h HayHHO-neflarorHHecKHe KaflpBi HHHOBauHOHHOH Pocchh" (rpaHT N 2 14.740.11.0794). 
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1) CBe^eHHe k KOM6imaTopHOH 3&RaHe, T.e. nocTpoeHHe KOM6nHaTopHoro o6b>eKTa (HanpnMep, KOHen- 
HOMepHoro nojiH3,a;pa) , roMOTonnnecKH 9KBHBajieHTHoro H3ynaeMOMy npocTpaHCTBy cpyHKnnn; 

2) penieHHe nojiyneHHoft KOM6nHaTopHon 3aflann (n3yneHHe TonojiorHH nocTpoeHHoro nonns/ipa) . 

0,i];hhm H3 TaKHX no,fl,xo/i,OB HBjiseTca (napaMeTpnnecKnn) /i-npHHunn M. TpoMOBa [2j, H3ynaeMbin, Ha- 
npHMep, b pa6oTax [3], [3], [5j TeopeMa 2.3], [6, 7J (cm. TaKsce [1]). HeBBinojiHeHHe 1-napaMeTpnnecKoro 
/i-npnHnnna fljin npocTpaHCTB (pyHKHini Mopca Ha HeKOTopBix KOMnaKTHBix MHoroo6pa3HHX pa3MepHOCTH 
6ojibinen 5 noKa3aHO b pa6oTax |6] (cm. TaKJKe [TJ §1]). 

PaccMOTpHM sa^any o BbinncjieHHH roMOTonnnecKoro THna npocTpaHCTBa F(M) cpyHKnnn Mopca Ha 
KOMnaKTHOM rjia^KOM MHoroo6pa3HH M, HanpHMep, Ha raaflKoft noBepxHOCTH. flflz npocTpaHCTBa F(S 1 ) 
cpyHKnnn Mopca Ha OKpyjKHOCTH M = S 1 HMeeTCH cjie/jyioinHH MeTO/i; penieHHH. ConocTaBHM KaJK^oft 

CpyHKUHH Mopca / 6 F r (S ), HMeiOineH pOBHO 2r KpHTHHeCKHX TOHeK, MHOJKeCTBO ee KpHTHHeCKHX TOHeK 

jioKajibHbix MHHHMyMOB (T.e. HeKOTopyio r-TonenHyio KOHcpnrypanino Ha noBepxHOCTH M). HeTpyznro /K)- 
Ka3biBaeTCH, hto nocTpoeHHoe OTo6p ajKeHne F r (S 1 ) — > QriS 1 ) cropteKTHBHO h hbjihctch roMOTonnnecKon 
SKBHBajieHTHOCTbio. TeM caMbiM, onHcaHHbilt MeTO/i, CBOflHT 3aflany k royneHHio TonojiorHH KOHcpHrypa- 
HHOHHoro npocTpaHCTBa Q r (S 1 ), T.e. npocTpaHCTBa r-TonenHbix KOHCpHrypannn Ha S . rbMOTonnnecKHH 
THn nocjie/niero npocTpaHCTBa jierxo HaxoflHTCH h paBeH S . 

B HacTOHinen pa6oTe H3ynaeTcn TononornH npocTpaHCTBa F = F{M) cpyHKnnn Mopca Ha KOMnaKT- 
hoh ^ByMepHOH noBepxHOCTH M. Ilpe/yiaraeMbiH HaMH MeTO,n aHajiornneH "MeTO/ry KOHCpnrypannoHHbix 
npocTpaHCTB", onncaHHOMy Bbinie. A hmchho, b HacTonmen pa6oTe onncbmaeTcn nocTpoeHHe KOM6nHaTop- 
Horo o6b.eKTa - KOMnjiexca K = K(iVf) ocHameHHbix cpyHKinift Mopca (onpenejieHne |4~T1 h TeopeMa 14. 2} . 
aHajiorHHHoro KOMnjiexcy cpyHKinift Mopca K = K{M) H3 pa6oTbi [8]. KoMnjieKC K HBjineTcn KOHen- 
HOMepHbiM KocbiM nnjiHH/ipHHecKH-nojiHS/rpajibHbiM KOMnjieKCOM (cm. onpejejieHHe |2~4"|) . T.e. ^onycKaeT 
pa36neHHe Ha "xocbie inumH^pHnecKne pynKn" (cm. onpeaejieHne 12 . 3]) . aHajiornnHbie KpyrjibiM pynitaM, h 
npHKjieeHHbie flpyr k flpyry "peryjiapHbiM" o6pa30M. ripn btom pynKH Haxo^HTca bo B3aHMHO o/niosHaH- 
hom cooTBeTCTBHH c KjiaccaMH H30TonHOCTH cpyHKinift Mopca H3 F 1 C F (cm. onpeaejieHnn [LlT B) ■ 11.3]) . 
a no^oHiBa pynKH Dm. sot , OTBenaioineft Kjiaccy h30tohhocth [/]i so t cpyHKnnn /, co/i,ep}KHTCH b o6T>e,zniHe- 
hhh pyneK H)^. Bot , OTBenaioinHX KjiaccaM h30tohhocth cpyHKinift, nojiyneHHbix MajibiMH B03MyineHnnMH 
cpyHKnnn /. BaJKHbiM cbohctbom KOMnjiexca IK HBjiaeTca to, hto b 6ojibHiHHCTBe cjiynaeB (cm. (|2.2p ) npo- 

CTpaHCTBO F CpyHKHHH Mopca Ha KOMnaKTHOH nOBepXHOCTH M TOMOTOnHHeCKH 3KBHBajieHTHO nOJIHSflpy 

RxK: 

F~RxK, (1.1) 

rfle R = R{M) - ojxao H3 MHoroo6pa3Hft RP 3 , S , S 1 x S 1 h TOHKa (cm. (|2.ip ). a IK = IK(M) - "KOMnjiexc 
ocHani,eHHbix (pyHKinifi Mopca", nocTpoeHHbiH b HacToameii pa6oTe (cm. 3aMenaHHe 12 .7|) . TeM caMbiM, 
H3yneHHe TonojiorHH npocTpaHCTBa F (pyHKinifi Mopca cbo^htch k KOM6HHaTopHoit 3aflane — H3yneHHio 
TonojiorHH nojiH3,fl,pa K. 

B HeKOTopbix cjiynaax roMOJiornn nojiH3/i;pa IK MoryT 6biTb H3yHeHbi MeTOflaMH TeopHH Mopca, BBH,n,y 
ecTecTBeHHoro pa3jio»ceHHH nojiH3/i;pa IK Ha Kocbie inuiHH/ipHHecKHe pyHKH. B KanecTBe HjijHOCTpan,HH mm 
nojiynaeM o6o6ui,eHHbie HepaBeHCTBa Mopca ^jih nnceji BeTTH npocTpaHCTBa IK h Haxo^HM ero sltjiepoBy 
xapaKTepncTHKy b cjiynae, Kor/;a M = S 2 h y KajK^oft (pyHKH,HH / E F He MeHee Tpex KpHTHHecKHX 
ToneK noMeneHbi pa3HbiMH MeTKaMH, T.e. 3aHyMepoBaHbi (cjiejcTBHe 12. 8p . 

HaniH KOMnjieKCbi K h IK cpyHKinift Mopca h ocHam,eHHbix (pyHKii;HH Mopca aHajiorHHHbi H3BecTHbiM 
(a6cTpaKTHMM CHMnjiHii^HajibHbiM cpjiaroBbiM) KOMnjieKcaM, paccMaTpHBaeMbiM npn H3yHeHHH rpynnbi 
KjiaccoB oTo6p a jKeHHit noBepxHOCTH M (cm. [9], |10 | lll | [T2]. |13| . |14j). Ky6nHecKHM KOMnjieKcaM |15j . h 
o6o6ui,aioT rpacp pa3pe30B (cm. |16|). B cjiynae M = S 1 aHajiorHHHbilt KOMnjieKC IK coctoht H3 o,hhoh 

TOHKH H R = S 1 . 

CBH3Hbie KOMnoHeHTbi npocTpaHCTB cpyHKii^HH Mopca Ha noBepxHOCTH H3ynajincb C.B. MaTBeeBbiM [16J, 
X. UnmaHroM, B.B. IIIapKo |17] . E.A. KyupnBneBon [16], C.H. MaxcnMeHKo [18] . a TaK>Ke K).M. BypMa- 
hom |19| fIU\ (,h,jih npocTpaHCTB rjia,a;KHX <pyHKii,HH 6e3 KpnTnnecKHX ToneK Ha OTKpbiTbix noBepxHOCTHx) n 
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E.A. Ky/jpHBHeBOH [8] (flJIfl npOCTpaHCTB CpyHKHHH Mopca C CpHKCHpOBaHHbIM MHOJKeCTBOM KpilTHHeCKHX 

TOHex). Koivi6HHaTopHbie h TonojiorHHecKHe CBoficTBa npocTpaHCTB (pyHKHHH Mopca Ha noBepxHOCTHX 
H3yHajiHCb b pa6oTax |21] . [22] , B pa6oTax |23| . |24| . [25\ [26], |27j . |28| h [29] (pyHKHHH Mopca H3yna- 
jiHCb b CB33H c sa^aneS: KjiaccH(pHKau,HH (jiiiyBHjijieBoft, op6HTajibHoli) HeBbipoJK,a;eHHbix HHTerpnpyeMbix 
raMHjibTOHOBbix CHCTeM c JTByMH CTeneHHMH CBo6o/xbi. Tpynnbi roMOJiorHft h roMOTonHii npocTpaHCTB 

(pyHKHHH C yMepeHHblMH OCo6eHHOCTHMH (c flOnymeHHeM He-MOpCOBCKHX OCo6eHHOCTeft) Ha OKpyjKHOCTH 

H3ynajicH B.H. ApHOjib^oM |30j . 

IlepeHfleM k tohhmm cpopMyjmpoBKaM. 

Onpe,a,ejieHHe 1.1. IlycTb M — rjia/XKaa (T.e. Kjiacca C°°) KOMnaKTHaa CBH3Han noBepxHOCTb, Kpaii 
KOTopoli nycT hjih He nycT, dM = d + M U d~M, rpts d + M — o6b>ejjHHeHHe HeKOTopbix rpaHHHHbix 
OKpyjKHOCTeii M. 

(A) 06o3HaHHM nepe3 C°°(M) npocTpaHCTBO rjia/jKHX (T.e. Kjiacca C°°) Bem,ecTBeHH03HaHHbrx cpyHK- 
inift / Ha M. 06o3HaHHM nepe3 C oc (M,d + M, d~ M) C C°°(M) no/xnpocTpaHCTBO, cocTonmee H3 TaKHX 
(pyHKH,HH / £ C°°(M), hto Bee ee KpHTHHecKHe tohkh (T.e. TaKHe tohkh x € M, hto df\ x = 0) npHHa^jie- 
jKaT int M, a jno6aH rpaHHHHan TOHKa x £ dM HMeeT TaKyio oxpecTHOCTb U b M, hto f(UDdM) = f(x), 
npHHeM inf(/|[/) = f(x) npn x € d~ M, h sup(/|[/) = f{x) npn x € d + M. 

(B) <5yHKHHio / Ha M Ha30BeM $yHKv,ueu Mopca na (M,d + M,d~M), eaim / € C°°(M, d + M, d~M) 
h Bee ee KpHTHHecKHe tohkh HeBbipojKfleHbi (T.e. KBajjpaTHHHaa cpopMa b T x M, 3a/j;aHHaH MaTpHHeli 

BTOpblX HaCTHblX npOH3BOJXHbIX / B KpHTHHeCKOH TOHKe X, HeBbipOJKfleHa) . IlycTb 

F:=F p ^ r (M,d + M,d-M) 
- npocTpaHCTBO (pyHKH,HH Mopca / Ha noBepxHOCTH (M, d + M, d~M), HMeiomiix pobho p + q + r Kpn- 

THHeCKHX TOHeK, H3 KOTOpblX p TOHeK JIOKajIbHblX MHHHMyMOB, q CeflJIOBblX TOHeK H T TOHeK JIOKajIbHblX 

MaKCHMyMOB. riycTb d + ,d~ > — hhcjio rpaHHHHbix OKpyjKHOCTeii b d + M h d~M cooTBeTCTBeHHO. 
ByfleM npe/xnojiaraTb, hto BbinojmeHbi HepaBeHCTBa Mopca: 

x{M)=p-q + r, p + d + >0, r + d~ > 0, (1.2) 

TaK KaK b npoTHBHOM cjiynae F = 0. IIpocTpaHCTBO F mm Ha^ejniM C°°-TonojiorHeH, cm. (TJ §4(a)], h 
Ha30BeM ero npocmpaHcmeoM diyHKi^uu Mopca na noeepxHocmu (M, d + M, d~M). 06o3HaHHM nepes F 1 C 
F no^npocTpaHCTBO b F, cocToaiH,ee 113 TaKHX (pyHKHHH Mopca / € F, hto Bee jioKajibHbie MHHHMyMbi 
paBHbi f(d~M) = — 1, a Bee JioKajibHbie MaKCHMyMbi paBHbi f(d + M) = 1. 

(C) 06o3HaHHM nepe3 F num (cootb. ^ ,1 ! num ) npocTpaHCTBO, nojiyneHHoe H3 npocTpaHCTBa F (cootb. 
F 1 ) BBefleHHeM HyMepai^HH y HeKOTopbix H3 kphthhcckhx Tonex (Ha3biBaeMbix omMeneHHUMU KpHTHHe- 
ckhmh TOHKaMn) (pyHKHHH Mopca / € F (cooTBeTCTBeHHO / € F 1 ). Ha/i,ejiHM ero C°°-TonojiorHeH KaK 

B [H §4(a)]. ECJIH KOJIHHeCTBO OTMeHeHHblX KpHTHHeCKHX TOHeK JIOKajIbHblX MHHHMyMOB, MaKCHMyMOB 

h ce/iJioBbrx ToneK paBHO p,r,q cooTBeTCTBeHHO (rjj,e < p < p, < q < q, 0<r<r), to HMeeM 
cfcfc;p!$1f!-jiHCTHbie HaKpbiTHH F num -)■ F h F^ num -> F 1 . 

06o3HaHe HH e 1.2. n yC Tb &± = Diff(M, d + M, d~ M) - rpynna Bcex (He o6a3aTejibHO coxpaH5Hom,HX 
opHeHTau;Hio h KOMnoHeHTbi Kpaa) /j;H(p(peoMop(pH3MOB noBepxHOCTH M, nepeBO^HH^HX KaJK,n,oe MHOJKe- 
ctbo d + M,d~M b ce6a. IIpocTpaHCTBO & Ha/j;ejniM C°°-TonojiorHeH, cm. [TJ §4(6)]. IlycTb @° C ^ ± - 
no/jrpynna, cocTOHm;aH H3 Bcex /j;H(pcpeoMop(pH3MOB h G & , roMOTonHbix idjvf b Kjiacce roMeoMop(pH3MOB 
M. 

Onpe,a,ejieHHe 1.3. (A) JJpe cpyHKii;HH Mopca f,g £ F Ha30BeM dKeueaAenmHUMU, ecjin HalijxyTCH 
TaKHe /j;H(p(peoMop(pH3Mbi hi € tSfc h hi € Diff + (R), hto / = hi o g o hi (h hi coxpaHHeT HyMepan;Hio 
KpHTHHecKHX TOHeK, ecjin /, g € F num ), h o6o3HanaeM / ~ g. Kjiacc SKBHBajieHTHOCTH (pyHKH,HH / 
o6o3HaHHM nepe3 [/]. 
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(B) Jlpe cpyHKHHH Mopca fug Ha30BeM u3omonHUMU, ecjiH ohh SKBHBajieHTHbi h hi G (T.e. 
hi H30ToneH TOJKflecTBeHHOMy) , h o6o3HaHaeM / ~j so t 9- Mhojkbctbo Bcex (pyHKiniii H3 F 1 , H30TonHbix 

CpyHKHHH /, o6o3HaHHM Hepe3 [/]isot- 

KjiaccH(pHKau,HH cpyHKijHH Mopca 13 F c tohhoctbio ro 9KeueaAeHmHocmu jierKO nojiynaeTca H3 
KjiaccncpHKainiH cpyHKHHH Mopca c tohhoctbio flo nocjiouHou 9KeueajieHmHocmu (cm. |26| rji. 2, Teope- 
mbi 4 h 8]). Abtopom flOKa3aHbi KpirrepHH (nocjiOHHoft) 3KBHBajieHTHOCTH (cootb. h30toiihoctii) napbi 
"B03MymeHHbix" cpyHKHHH Mopca f,g& C°°(M,d + M,d~ M), nojiyneHHbix MajibiMH B03Myin;eHHHMH H3 
napbi (nocjioliHo) SKBHBajieHTHbix (cootb. H30TonHbix) cpyHKUHH Mopca f,g G F (cm. mar 3, hjih [27, 
yTBepjK,a,eHHe 1.1 h §3]), h ,n,OKa3aHa KjiaccncpHKaHHH cpyHKHHH Mopca c tohhoctbio /i;o u3omonHOcmu 
(cm. |31| jieMMa 1 h TeopeMa 2]). 

B pa6oTe [l] BBe,neHO noHHTHe ocHaiu,eHHUx cpyHKHHH Mopca Ha KOMnaKTHoft noBepxHOCTH M h ,a,o- 
Ka3aHa roMOTonHHecKaa SKBHBajieHTHOCTb npocTpaHCTBa F cpyHKHHH Mopca h npocTpaHCTBa F ocHa- 
meHHbix cpyHKHHH Mopca Ha M. TaKJKe /i;oKa3aH aHajior nocjie,a;Hero yTBepjKfleHHH ^jih orpaHHHeHHii 
yKa3aHHbix roMOTonHHecKHX 3KBHBajieHTHOCTefi Ha Kjiaccbi h30tohhocth [/]i so t ([X, TeopeMa 2.5]). IIo- 
cjie^Hee ^aeT nojiojKHTejibHbilt OTBeT Ha Bonpoc, nocTaBjieHHbm B.H. ApHOjib^oM. 

CTaTbH HMeeT cjie/ryioiHyio CT Py KT ypy- B ^lonpeflejiHeTCH 6ojiee o6mee npocTpaHCTBo cpyHKiniii Mop- 
ca, bbo,h;htch noHHTHe Kocoro HHjiHH/];pHHecKH-nojiH9,n;pajibHoro KOMnjieKca h cpopMyjmpyioTCH ocHOBHbie 
pe3yjibTaTbi HacTOHmeli pa6oTbi (TeopeMa 12.61 h cjie,n,CTBHe I2.8|) . B Sj3] onncbiBaeTCH nocTpoeHHe CTaH^apT- 
Holt kocoh u;HjiHHflpHHecKoii pyHKH D?!. t , oTBeHaiomeH Kjiaccy h3otohhocth [/]; so t cpyHKHHH Mopca 
/ G F 1 , h H3yHeHbi OTo6p a JKeHHH HHHH,n,eHTHOCTH MejKfly napaMH pyneK, OTBenaioiHHMH napaM npn- 
MMKaioiHHX flpyr k /rpyry KjiaccoB h30tohhocth [/]i so t -< [#]isot cpyHKHHH (onpeaejieHHe l!T4T D). jieMMbi 
I3.1H3.5|) . B onncbiBaeTCH nocTpoeHHe KOM6nHaTopHoro o6b.eKTa - KOMnjieKca IK ocHameHHbix cpyHKHHH 
Mopca (h coflepjKamero ero MHoroo6pa3HH A4) h ,a,OKa3biBaeTCH, hto oh HBjiaeTca kocmm HiumH/ipHHecKH- 
nojiH3,a;pajibHbiM KOMnjieKCOM (TeopeMbi 14. 2| 14. 3p . 

Abtop npHHOCHT 6jiaro/i,apHOCTb B.H. ApHOjib,n,y, C.A. MejinxoBy, A. A. OnieMKOBy, fl.A. ITepMHKOBy, 
A.T. OoMeHKO h X. UinnaHry 3a BHHMaHHe k pa6oTe h nojie3Hbie o6cy»c,n,eHHH. 

2 ToHHbie (J)OpMyjIHpOBKH OCHOBHblX pe3yjit>TaTOB 

Cjie/ryK>mee npocTpaHCTBo o6o6maeT npocTpaHCTBa F Pt q tr (M,d + M,d~M), F nnm h coctoht H3 cpyHKHHH 
Mopca, y KOTopbix HeKOTopbie H3 OTMeneHHbix KpHTHHecKHX ToneK 3aKpenjieHbi. 

OnpeaejieHHe 2.1. (A) IlycTb < p* < p, < q* < q, < r* < r (cm. onpeaejieHHe 1 1 . IT C ) ) . 06o3HanHM 

ip',p"; q', q"; r , r ) := (p — p* , p — p;q — q* , q — q;r — r* , r — f) . 
^jih KaJKfloii (pyHKii;HH / G F num o6o3HaHHM nepe3 C/ o, C/ l, Ct 2 MHOJKecTBa ee kphthhcckhx ToneK jio- 

KajIbHblX MHHHMy MOB , CeflJIOBblX KpHTHHeCKHX TOHeK H TOHeK JIOKajIbHblX MaKCHMyMOB COOTBeTCTBeHHO, 

h nepe3 Cf^\ C C/^, A = 0, 1,2, MHOJKecTBa OTMeneHHbix kphthhcckhx ToneK. B KaacflOM H3 MHOJKecTB 
OTMeneHHbix (a noTOMy 3aHyMepoBaHHbix) kphthhcckhx tohck paccMOTpHM no^MHOJKecTBO, o6o3HaHae- 
Moe nepe3 Cj , Cj 1 , 2 H cocTOHHj;ee H3 nepBbix p*,q* , r* ToneK cooTBeTCTBeHHo. OnKcnpyeM "6a3HCHyio" 
<pyHKH,HK) /* G F nnm . IlycTb 

F := F p * tP , tP H. q * iq , tq ,>. r *yy,(M,d + M,d~M) 

- npocTpaHCTBo (pyHKH,HH Mopca / G F num Ha noBepxHOCTH (M,d + M,d~M) (cm. onpejejieHHe 1 1 . IT B ) ) . 
TaKHx hto Cj A = Cj t A fljia jiro6oro A = 0,1,2. IIpocTpaHCTBo F mm Ha^ejiHM C°°-TonojiorHeH, cm. [TJ 
§4], h Ha30BeM ero o6o6w } eHHUM npocmpaHcmeoM gjynKt^uu Mopca na noeepxHocmu (M,d + M,d~M). 
Onpe,a,ejiHM no/mpocTpaHCTBo F 1 C F aHajiorHHHo onpejejieHHio [TTTT B). 
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IIpocTpaHCTBa F, F nnm H3 onpe^ejieHHH 11.11 HMeioT Bap 

F = Fo,o, P; o,o, g; o,o,r(M, d + M, d-M), F num = F ^ p/ , M ^. ^ y ,(M, d+M, d~M) 

cooTBeTCTBeHHO. H3 TeopeMbi C.B. MaTBeeBa (cm. |16j ) n ee o6o6meHHH b |16| ^Jia npocTpaHCTBa F num no- 
jiynaeM cjie/ryioinee ee o6o6meHne: jiio6oe o6o6meHHoe npocTpaHCTBo F = F p * y y/ ; o,g,g" ; r* r' r" (M , d + M, d~M) 
cpyHKnnn Mopca 6e3 3aKpenjieHHbix ce/yioBbix ToneK (T.e. npn q* = 0) jiHHenHO cbh3ho. 

Bcro^y b CTaTbe mm npe^nojiaraeM, hto noBepxHOCTb M opiieHTHpc-BaHa. Cnynan HeopneHTnpyeMoii 
noBepxHOCTii M paccMaTpiiBaeTca KaK b [TJ 3aMenaHne 2.7]. 

Cjie/ryroinne rpynnbi /n«pcpeoMopcpH3MOB o6o6maioT rpynnbi S 1 n cm. o6o3HaHeHHe 11.21 Bbinie. 
Mm hx bbo,h;hm ,h;jih H3yneHHH o6o6meHHoro npocTpaHCTBa F cpyHKniin Mopca (h no-npe>KHeMy o6o3Ha- 
naeM hx nepe3 ^ ± n @°). 

06o3HaHeHHe 2.2. (A) MHcoKecTBa 0*^,0*^,0*^2 cp HKCH P OBaHHbIX KpnTnnecKnx ToneK coBna^aroT pjin 
pa3Hbix (pyHKniin / € F, 6ya,eM hx o6o3HanaTb nepe3 Cq, C\,Ci cooTBeTCTBeHHO, nojiojKHM C := C0UC1UC2. 
06o3HaHHM nepe3 S>+ = Diff (M, d + M, d~M, Cq, C\, C2) rpynny Bcex (He o6a3aTejibHo coxpaHmomnx opn- 
eHTauino h KOMnoHeHTbi Kpaa) flncpcpeoMopcpH3MOB noBepxHOCTH M, nepeBO/rinnnx KajK,n,oe MHOJKecTBO 
d + M, d~M, C x b ce6n, < A < 2. IlpocTpaHCTBo 0± TOJKe Ha,n,ejiHM C^-Tonojiornen, cm. [TJ §4(6)]. Ecjih 
M opnenrnpyeMa, o6o3HannM nepe3 & C S>+ no^rpynny coxpaHmoinnx opneHTannio /incp(peoMopcpH3MOB 
(c HH/rynnpoBaHHon TonojiorHeii) . IlycTb S>° = Diff (M,C) C S>+ — no^rpynna (c HH/rynnpoBaHHon to 
nojiorHefi) , cocTonin,aH H3 Bcex ,a,H(pGpeoMop(pH3MOB h £ @ , rc-MOTOiiHbix idM B Kjiacce roMeoMopcpH3MOB 
napbi (M,C). 

(B) 06o3HaHHM nepe3 M 3aMKHyTyio noBepxHOCTb, nojiyneHHyio H3 noBepxHOCTH M CTnrnBaHneM b 
TOHKy KajKflolt rpaHHHHOH OKpy jkhocth . 06o3HaHiiM nepe3 Tc ^ rpynny (Ha3biBaeMyio zpynnou Tope/i- 
au), cocTOHinyio H3 Bcex flncp(peoMopcpH3MOB h E @, nepeBO/rinnnx b ce6n KajK,a,yio KOMnoHeHTy Kpaa M, 

H TaKHX HTO HH/TynnpOBaHHblH rOMeOMOp(pH3M h: M — >■ M HHflyniipyeT TOJK^eCTBeHHblH aBTOMOp(pH3M 

rpynnbi roMOJiornn H\(M). HMeeM C T ■ 

H3 pe3yjibTaTOB |32^ [33] K.JJ^k. 3pjin n JJjk. Hjijica (mji.) cjie^yeT, hto HMeeTCH roMOTonnnecKaa 

3KBHBajieHTHOCTb 

£>°~Rgo, (2.1) 

r^e R^o — opjio H3 neTbipex MHoroo6pa3nn, onpe^ejineMoe napofi (M, |C|), a HMeHHo: SO (3) = MP 3 (npn 
M = S 2 ,C = 0), SO(2) = S 1 (npnO < x(M)-|C| < 1 n d+ + dr + \C\ > 0), T 2 = S 1 x S 1 (npn M = T 2 , 
C = 0) n TOHKa (npn x(M) < |C|) (cm., HanpnMep, |34| 132]). B nacTHOCTH, rpynna jinHeiiHO CBH3Ha. 

2.1 Kocbie Li,HJiHHflpHHecKH-nojiH3/i,pajibHi>ie KOMnjieKCM 

BciQzry b CTaTbe MHororpaHHHKH BbinyKjibi n HMeioT pa3MepHOCTb < 2q, a eBKjin,fl,OBbi MHororpaHHHKH 
< q — 1. Ilo,fl, eunynjiuM mhosozpclhhukom (cooTBeTCTBeHHO eenjiudoeuM eunyKAUM mhozozpclhhukom) no- 
HHMaeM BbinyKjiyio o6ojionKy KOHenHoro noflMHOJKecTBa BeKTopHoro npocTpaHCTBa M? q (cooTBeTCTBeHHO 
eBKjinflOBa npocTpaHCTBa E 9-1 ), a no^ u30Mop(f>u3MOM MHororpaHHHKOB — 6neKnino MejK^ry MHororpaH- 
HHKaMH, npo,zi,oji>KaK)m,yiocH pp acpcpHHHoro H30Mopcpn3Ma (cooTBeTCTBeHHO H30MeTpnn) o6b>eMjnom,nx 
npocTpaHCTB. 

YmoAmeHHUu v^uAundp — sto rjiaBHoe paccjioeHne Hap BbinyKjibiM MHororpaHHHKOM co cjioeM CTaH- 
flapTHbin nnjiHHflp M° x (S 1 ) d (rpp npHMbie coMHOJKHTejin S 1 b pa3jioJKeHnn nnjiHH/ipa He ynopafloneHbi) , 
a cmaHdapniHaH v^uAundpunecKaH pyuKa — sto npHMoe npoH3Be,i],eHHe eBKjin/i,OBa BbinyKjioro MHororpaH- 
HHKa n yTOJim,eHHoro ^jiHH^pa. YTonHnM n o6o6ui,hm 3th noHHTna. 

Onpe,z],ejieHHe 2.3 (cTaH/rapTHaa Kocaa n.njiHHflpnnecKaH pynxa). (A) YmoAUJ^eHHUM v^uAundpoM Ha- 
30BeM npnMoe npon3Be/i;eHHe S := (M c x («S' 1 ) rf ) x P, rpe P — BbinyKjibiit MHororpaHHHK, S l = M/Z, 
c, d G N U {0}. roMeoMopcpH3M h : Si — > S2 Me*:,zry yTojim;eHHbiMH i^HjinH^paMH Ha30BeM donycmuMUM, 
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ecjin ci = C2 =: c, d\ = d<i =: d, cymecTByioT GneKHHH it G S c h /j € X^, H30MopcpH3M MHororpaHHHKOB 
a : Pi — > P2 H HenpepbiBHoe OTo6pa>KeHne 5 = (5x, . . . , 6~ c +d) '■ Pi — > M c x (S l ) d , TaKHe hto fljia jiio6oro 
(xi, . . . , x c , tpi, . . . , <£>d, u) G §i BbinojmeHO 

/i(xi, ... ,ar c ,v7i,... ,<Pd,u) = (^(i), . . •, ^(0)5^(1) 5 - • • ,^(d)>0) 

. . . ,(5 c+d (ii),a(u)). 

ABTOMopcpH3M b: D D eBKjiH^OBa MHororpaHHHKa (i.e. H30MopcpH3M Ha ce6fl) Ha30BeM donycmu- 
MUM, ecjin oh TpHBHajieH hjih He HMeeT HenoflBHJKHbix BepniHH, a fljia jho6oh rpaHH r C 3P^ BbinojmeHO 
jih6o 6(t) = r, jih6o r n 6(t) = 0. 

(B) CmandapmHou u^uAundpuuecKou pyuKou Ha30BeM npHMoe npoH3Bejj,eHHe D x § eBKjiHjjpBa BbinyK- 
jioro MHororpaHHHKa D h yTOJimeHHoro inijiHH/rpa § (cm. (A)). IbMeoMopcpH3M D\ x Si — > Z?2 x §2 MejKjjy 
CTaH^apTHbiMH u;HjiHH r a,pHHecKHMH pyHKaMH Ha30BeM u30M,opd)U3MOM, ecjin oh HBjiaeTCH npaMbiM npo- 
H3Be,neHHeM H30MopcpH3Ma b: D\ — > D2 eBKjiHflOBbix MHororpaHHHKOB h ,a;onycTHMoro roMeoMopcpH3Ma 
Si — > §2 yTojimeHHbix hhjihhjxpob (cm. (A)). 

ABTOMopcpH3M D x S — > D x S cTaHflapTHoft HHjiHH/ipHHecKOH pyHKH Ha30BeM donycmuMUM, ecjin 

JIH60 OH COBna^aeT C TOJKfleCTBeHHbIM, JIH60 XOTH 6bl OflHH H3 COOTBeTCTByiOHHIX aBTOMOp(pH3MOB MHoro- 
rpaHHHKOB b: D —> D, a: P^Ph nepecTaHOBOK ir G S c h p G HeTpHBHajieH, npnneM aBTOMopcpH3M 
b: D ^ D flonycTHM (cm. (A)) h BbinojiHeHbi cjiejxyioiHiie (Heo6H3aTejibHbie b o6meM cjiynae, ho bh- 
nojiHeHHbie pjw KOMnjieKCOB ocHameHHbix (pyHKiniii Mopca b cnynae (|2.2|) ) jj,onojiHHTejibHbie ycjioBHH: 
nepecTaHOBKa ir G S c Bcer,a,a TpHBHajibHa, b cjiynae TpHBHajibHOCTH aBTOMopcpH3Ma a: P — > P aBTO- 
MopcpH3M b: D ^ D TpHBHajieH , a b cjiynae TpHBHajibHOCTH b nepecTaHOBKa p G h aBTOMopcpH3M 
a 2 : P — > P TpHBHajibHbi . 

(C) CmaHdapmHou kocou i^uAundpuuecKou pyuKou Ha30BeM npocTpaHCTBO op6nT D st := (D x S)/r 
CBo6o^Horo jj;elicTBHH (aBTOMaTHHecKH KOHeHHoft) rpynnbi T Ha CTaHjj;apTHOH HiijiHHflpHHecKOH pyHKe 
Dx§ /o;onycTHMbiMH aBTOMop<pH3MaMH (cm. (B)). Pa3MepHOCTb k MHororpaHHHKa D = D k Ha30BeM uh- 
deKCOM pyHKH B = B st , nojiMHOJKecTBO SB := ((dD) x S)/r C B Ha30BeM ee nodomeoil, a /i;onojiHeHHe 

o 

B := B \ <9B — omKpumou cmaHdaprrmou (kocou) i^ujiundpuuecKou pynKou, OTBeHaiomeH pyHKe B. ^jih 
jho6oh rpaHH D' C dD o6pa3 nojj,MHOJKecTBa D' x § C D x § npn npoeKH,HH D x S — > B st Ha30BeM 
(kocou) zpaubK) CTaHflapTHolt (kocoh) pyHKH B st . (Kocan rpaHb Bcer,n,a HBjiaeTCH CTaHflapTHolt kocoh h,h- 
JIHHflpHHeCKOH pyHKOH BBHJjy flOnyCTHMOCTH aBTOMOpCpH3Ma 6: D — > D H3 (B), cm. (A).) roMeoMopcpH3M 
B| l — > B|* MeJKfly CTaHflapTHblMH KOCblMH H,HJIHHflpHHeCKHMH pyHKaMH Ha30BeM U30M0pdlU3M0M, eCJIH OH 
nOflHHMaeTCH pp H30MOp(pH3Ma D\ X §1 — > D2 X §2 COOTBeTCTByiOIHHX CTaH,fl,apTHbIX I^HJIHHJJ.pHHeCKHX 

pyneK. ABTOMopcpH3M B st — > B st CTaHjj,apTHOH kocoh i^HjiHHflpHHecKoii pyHKH Ha30BeM donycmuMUM, 
ecjin oh noflHHMaeTca jj;o jj;onycTHMoro aBTOMopcpH3Ma D x S — > D x S cooTBeTCTByromeH CTaHflapTHoli 

I^HJIHHflpHHeCKOH pyHKH (cM. (B)). 

(D) norpyjKeHHe i : §1 §2 Mexc/ry yTOJimeHHbiMH HiijiHHjipaMH Sj = (M Cj x (S" 1 )^) x Pj, j = 1,2 
(cm. (A)), Ha30BeM donycmuMUM, ecjin cymecTByioT OTo6p a>KeHHSi 7r : {1, . . . , 02+^2} {0, 1, . . . , ci + di} 
ht/: {1,. . . ,ci+(ii} ->■ {1, -1}, TaKHe hto {1, . . . ,ci} C vr({l, . . . ,c 2 }) C {0, 1, . . . ,ci}, 7r| { i r .. )C2}n7r -i {1) ... jCl} 
HHb.eKTHBHO, {ci + 1, . . . , c\ + d\) C vr({c2 + 1, . . . , C2 + ^2}), ^({1; • • • 1 Ci}) = 1, a TaKJKe cymecTBy- 
10T OTo6pajKeHHe a: Pi — > P2, npo^ojuKaiomeecH ,a;o acpcpHHHoro, h HenpepbiBHoe OTo6pa>KeHHe 5 = 
(<5i, . . . , <5 C2+d2 ) : Pi -»• M C2 x (S" 1 )^, TaKHe hto 

i(xi, • • • , ^ci+di , «) = (»7(t(1)) ^tt(i) , • • • , ^/(tt(c2 + d 2 )) x^ C2+d ^ , 0) 
+(<5i(n), . . . ,5 C2+d2 (u),a(u)) 

,n;jia jno6oro (xi, . . . , x Cl + ( i 1 , u) G Si, rjj;e nocjie/niHe dj Koopjj;HHaT jiio6oh tohkh H3 R Cj x (S 1 )^ pac- 
CMaTpHBaioTCH no MOflyjiio 1 npn j = 1,2, xq := 0, 7/(0) := 1. norpyscemie P^i x Si S-> P2 x §2 MejKjj;y 
CTaH/i,apTHbiMH flHjiHHflpHHecKHMH pyHKaMH (cm. (B)) Ha30BeM donycmuMUM, ecjin oho HBjiaeTCH npa- 
MbiM npoH3Be,a,eHHeM H30MopcpH3Ma P^i — > D2 eBKjiHflOBbix MHororpaHHHKOB h flonycTHMoro norpyjKeHHH 
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§1 S-> §2 yTOJIIHeHHbrX U.HJIHHflpOB. BjIOJKeHHe B® B| MeJKJjy CTaHflapTHblMH KOCUMU HHJIHH/XpHHeCKH- 

mh pyHKaMH (cm. (C)) Ha30BeM MOHOMopcf)U3MOM, ecjiH oho no/iHHMaeTCH no flonycTHMoro norpyjKeHHa 
x Si S-* D2 x §2 cooTBeTCTByiomHX CTaH^apTHbix HHjiHH/xpHHecKHX pyneK. 

IlycTb X — TonojiorHHecKoe npocTpaHCTBO. 

Onpe,a,ejieHHe 2.4 (kocoh Li,HjiHH/];pHHecKH-nojiH3/i,pajibHbiH KOMnjieKc). (A) By^eM roBopiiTb, hto Ha 
noflMHOJKecTBe Del 3a/j;aHa cmpynmypa (kocou) i^uAundpuuecKou pyuKU, h Ha3biBaTb sto no/nviHOHce- 
ctbo (kocou) nujiundpuuecKou pyuKoil, ecjiH B 3aMKHyTO b X, h cpHKcnpoBaHbi CTaHnapTHan (Kocan) hh- 
jiHH,a;pHHecKaa pyHKa B st c TOHHOCTbio ,n,o H30MopcpH3Ma, h roMeoMopcpH3M (fo : B st B (Ha3biBaeMbilt 
xapaKmepucmuuecKUM omo6pawceHueM (kocoh) pyHKH B) c TOHHOCTbio ^o ,apnycTHMbrx aBTOMopcpH3MOB 
CTaHflapTHofi (kocoh) pyHKH B st . IloflMHOJKecTBO <9B := (/7]u(5B st ) Ha30BeM nodouieou (kocoh) pyHKH B. 

BjIOJKeHHe i: Bi ^ B2 MeJKfly (KOCblMH) HHJIHHJXpHHeCKHMH pyHKaMH Ha30BeM M0H0M0pd)U3M0M, ecjiH 
BJIOJKeHHe tf^ 1 ojo (fj S>1 COOTBeTCTByiOIHHX CTaHflapTHblX (KOCblx) pyneK HBJIHeTCH MOHOMOpCpH3MOM. 

(B) EIpOCTpaHCTBO X Ha30BeM (kOCUm) VjUAUndpUHeCKU-nOAUadpaAbHUM KOMUAeKCOM, eCJIH CpHKCH- 

o o 

poBaHO pa36neHHe X = U i=1 Bj, rfle n < 00, Ha nonapHO HenepeceKaiomHecH no/jMHoncecTBa Bj, Ha3biBa- 
eMbie omnpumuMU (kocumu) uuAundpuuecKUMU pyunaMU pa36neHHH , h pjis Ka>K/j;oH OTKpbiTolt pyHKH 

o o 

Bi cpHKcnpoBaHa CTpyKTypa (kocoh) HHjiHHflpnHecKoii pyHKH Ha ee 3aMbiKaHHH Bj := Bi, Ha3biBaeMOM 

o 

(kocou) v^uAundpuuecKOU pyuKoil pa36neHHH, TaKaa hto Bj = Bj \ c9Bj, npnneM BbinojiHeHbi cjie,zryioiHHe 
ycjiOBHH: 

(c) fljia jHo6oit (kocoh) pyHKH Bj orpaHHHeHHe xapaKTepncTHHecKoro OTo6pa>KeHHH tpo i : B|* Bj 
Ha npoH3BOjibHyio (Kocyio) rpaHb (B|*)' C dIS)f cooTBeTCTByioiHeH CTaHjj,apTHOH (kocoh) pyHKH 
B|* HBjiaeTCH MOHOMopcpH3MOM (B^)' ^ Bj b HeKOTopyio (Kocyio) pyHKy Bj (cm. (A) h onpe^ejie- 
HHe l2.3l fC.D)). OTKyra no^ouiBa <9Bj jho6oh (kocoh) pyHKH Bj HH,zi,eKca k coflepjKHTCH b o6b>e,a,HHeHHH 
KOHeHHoro HHCjia (kocmx) pyneK HHjj,eKca k — 1; 

(w) no^MHOJKecTBO Y C X 3aMKHyTO Torna h TOJibKO Torna, Kor^a jijih jho6oh (kocoh) pyHKH Bj 
3aMKHyTO nepeceneHHe Y n Bj. 

MaKCHMajIbHblft HHHeKC (KOCblx) ITHJIHHJXpHHeCKHX pyHeK (KOCOro) HHJIHH,H,pHHeCKHnOJIH3,flpaJIbHOrO KOM- 

njieKca Ha30BeM pamoM 3Toro KOMnjienca. 

(C) Ecjih jijih KaJKnpft (kocoh) HHjiHHJxpHHecKOH pyHKH Bj C X BbinormeHO c = d = dimP = 
0, nojiynaeM onpenejieHHe cmpozo noAuadpaAbnozo KOMnneKca (cm. [8]). OnpenejieHHe noAuadpaAwozo 
KOMnAeKca HMeeTCH, HanpHMep, b |35j . 

(D) ElycTb cr, r C X - HBa HenepeceKaiomHXCH noHMHOHtecTBa TonojiorHHecKoro npocTpaHCTBa X 
(HanpHMep, HBe OTKpbiTbie KjieTKH KjieTOHHoro KOMnjieKca). By^eM roBopHTb, hto cj npuMUKaem k t h 
nncaTb r -< a (h f -< cj), ecjiH r C da := a \ a. EtHHieM r -< a, ecjiH r -< a hjih t = a. 

06o3HaneHHe 2.5. ^jih jho6oh cpyHKHHH Mopca / G F paccMOTpHM rparp Gf b noBepxHOCTH int (M), 
nojiyHeHHbiii H3 rpacpa f~ 1 (f(Cf : \)) BbiKH^biBaHHeM Bcex KOMnoHeHT cbh3hocth, He coflepjKaiinix cefljio- 
bmx KpHTHHecKHX TOHeK (cm. onpe jejieHHe [27l]) . 9tot rpacp HMeeT q BepniHH (hbjihk>hj,hxch cefljioBbiMH 
TOHKaMH y E Cf^i), CTeneHH Bcex BepuiHH paBHbi 4, a 3HaHHT b rpacpe 2q pe6ep. Ecjih noBepxHOCTb M 
opneHTHpoBaHa, to Ha pe6pax rpacpa Gf HMeeTCH ecTecTBeHHaa opHeHTau,HH, TaKaa, hto b jho6oh (BHyT- 
peHHeii) TOHKe pe6pa penep, cocTaBjieHHbiii H3 nojioacHTejibHO opneHTHpoBaHHoro KacaTejibHoro BeKTopa 
k pe6py h BeKTopa grad / (no OTHomeHHio k KaKoii-HH6yflb cpHKcnpoBaHHoii pHMaHOBoit MeTpHKe) , 3a- 
,n;aeT nojio>KHTejibHyio opHeHTau;Hio noBepxHOCTH. AHajiorHHHO bbojjtitch opHeHTan,HH Ha jik>6oh cbh3hoh 
KOMnoHeHTe jihhhh ypoBHH / _1 (a) cpyHKii;HH /, He co/i;ep>Kam;eH KpHTHHecKyio TOHKy, a £ M. 

CcpopMyjinpyeM ochobhoh pe3yjibTaT /j;aHHoit pa6oTbi. onHCbiBaioHi,HH KOM6HHaTopHbiii o6b.eKT - kom- 
njieKC K ocHameHHbix cpyHKii;HH Mopca, accou,HHpoBaHHbin c npocTpaHCTBOM F. 
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TeopeMa 2.6. Tlycmb M — cen3nasi KOMnaKmnan opuenmupyeMan noeepxnocmb c pa36uenueM Kpaa, 
dM = d + M U d~M na noAowcumeAbnue u ompuuameAbnue zpanuunue OKpywcnocmu. PaccMompuM 
o6o6m i ennue npocmpaHcmea F = Fp*^i^ii^ q * jq ^ q »- r *yyi(M,d + M,d~M) u F 1 C F d)ynKU,uu Mopca na 
noeepxHocmu (M, d + M, d~M), y Komopux Mozym 6umb omMeuennue KpumuuecKue mouKu, U3 Komopux 
TteKomopue mouKu Mozym 6umb 3aKpenAennuMU (cm. onpeaejieHHe 12. 1]) . FlpednoAowcuM, umo 

p + q + ?> x(M) (2.2) 

(m.e. KOJiuuecmeo omMeuennux KpumuuecKux moueK npeeocxodum x(M)). Tozda: 

(A) MMeemcM kocou uuAundpuuecKU-noAuadpaAbnuu komuackc 

IK = l&p*+d-,p',p";q*,q',q";r*+d+,r',r" 

( na3ueaeMuu KOMnjiexcoM ocHameHHbix (pyHKHiili Mopca ) panza q — 1 u pa3MepHocmu dim IK = 3q — 2 
npu q > 2 u dim IK = npu q < 1, Kocue u,UAundpuuecKue pyuKU Komopozo naxodnmcsi eo 63auMH0 
odH03HaHHOM coomeemcmeuu c kaclcccimu u3omonHocmu [/]i so t (frynKi^uil Mopca f € F . HndeKC pyuKU 
Br^i. aot , omeeuawu^eu KAaccy u3omonHOcmu [f]i so t, paeen q — s(f), zde s(f) — KOAUuecmeo cedAoeux 
KpumuuecKux 3nauenuu <f>ynKuuu f . Tlodomea c®[/] isot pyuKU I5[/] isot codepwcumcn e o6zeduneHuu pyueK 
D [g] iao t> maKUX Hmo [/]isot ~< b]isot- 

(B) JJucKpemnan zpynna & j deucmeyem na K aemoMopg3u3MaMU kocozo uxiAundpuuecKU-noAU- 
adpaAbuozo KOMnAeKca, npuueM undyuupoeannoe deucmeue na MHOMcecmee pyueK cozAacoeano c ecme- 
cmeeHHUM deucmeueM na Mnowcecmee F 1 / ~i so t KAaccoe u3omonHocmu q^ynKVALU. B uacmnocmu, 3ah 
aw6ozo KAacca u3omonHocmu [/]i so t ece pyum Brj/ji. sot; h € & , u30Mopg3nu odnou u mou wee cman- 
dapmnou kocou u,UAundpuuecKou pyuKe (-£*[/] x §[j])/r[j] ; cm. onpedeAenue 12.3T B). HMeemcn 

aKeueapuanmnuu zoMeoMopcf)U3M noAuadpaK na 3> / S>° -uneapuanmnoe nodMnowcecmeo neKomopozo ZAad- 
kozo 3q-Mepnozo Mnozoo6pa3un M c uaockou agjgjunnou ceti3HocmbK>, na KomopoM zpynna Osf^ deu- 
cmeyem dug3gjeoMopgju3MaMU, coxpanRmwuMU cesi3nocmb. 

(C) Aah KaotcdoU pyuKU D [/Ut « (D [f] x S [f] )/T [f] « (D [f] x (W^) x (S 1 )™) x P [f] )/T [f] ~ 
(S' 1 ) d /rm pa3Mepnocmb d = d([f]) mopa (S 1 ^ o6Aadaem ceoilcmeaMU (|3.25f> . c + d = «([/]) (cm. ()3.14p ) 
u d < min{p' + p" + r' + r",t — 1}, zde t = t([f]) < q — KOAUuecmeo C6H3HUX KOMnonenm zpadia Gf 
(cm. o6o3HaHeHHe I2.5p . Ecau hucao diuKcupoeannux KpumuuecKux moueK p* + q* + r* < x(M) + 1, mo 
d = t — 1, a npu donoAHumeAbnoM ycAoeuu t = q eunoAneno d = p' + p" + r' + r" . 

3aMeiaHHe 2.7. CorjiacHO [1], npocTpaHCTBa F 1 ^ 1 cyib cnjibHbie ,a,e(popMaii,HOHHbie peTpaKTbi npo- 
CTpaHCTB F, F cooTBeTCTBeHHO, a 3a6BiBaiomne OTo6pa»ceHHH F — > F, F 1 — >• cyTb roMOTonnnecKHe 
SKBHBajieHTHOCTH, T^e F 1 C F - npocTpaHCTBa ocHam,eHHbix (pyHKii,HH Mopca. Mojkho noKa3aTb, hto 
MHoroo6pa3He H3 TeopeMbi 12.6( B) b ^eficTBHTejiBHOCTH roMeoMopcpHO F 1 /^ (t.c HBjiaeTca yHHBep- 
cajiBHbiM npocTpaHCTBOM MOflyjieit ocHameHHbix cpyHKii;HH Mopca), npnneM ^eftcTBHe rpynnbi Ha F 
cbo6o/i;ho, npoeKii;HH F 1 — > F 1 / St° HBjiaeTca TpiiBiiajibHbiM paccjioeimeM co cjioeM S>° , a IK ecTb cHjibHbiii 
^ecpopMai^HOHHbiH peTpaKT A4 . OTCio^a h H3 (|2.ip cjie^yeT Tpe6yeMaa roMOTonHHecKaa SKBHBajieHTHOCTb 
(|l.ip . Mojkho TaKJKe noKa3aTb, hto orpaHHHeHna yKa3aHHbix roMOToniiHecKiix 3KBHBajieHTHOCTeii Ha jho- 

6oft KJiaCC [yjisot H30TOnHOCTH (pyHKU,HH H3 F^ HJIH Ha JIK)6yiO KOCyiO pyHKy KOMnjieKCa IK 5IBJI5HOTCH 
TOMOTOnHHeCKHMH SKBHBajieHTHOCTHMH . 

IlycTb k - nojie (HanpHMep, R, Q hjih Z p ). ^jih TonojiorHHecKoro npocTpaHCTBa X paccMOTpHM nncjia 
BeTTH (3j(X) := dimk^(X;k) h nojiHHOM IlyaHKape P(X,t) := Y^jLo ^PjiX). Cjie,a,yioiHee yTBepjK^e- 
HHe BbiBO^HTCH H3 TeopeMbi 12.61 CTaHjapTHbiMH MeTO,a,aMH TeopHH Mopca (cm., HanpHMep, [36, §45]). 

Cjie^CTBHe 2.8. (A) Ecau KOAUuecmeo p+q + r omMenennux KpumuuecKux moueK npeeocxodum x(M), 
mo /3j(IK) = npu aw6om j > 3q — 2. 
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(B) Tlycmb M = S 2 (cm. o6o3HaneHHe p* + q* + r* < x( M ) + 1 < p + q + r. Tozda = @° , 
KOMnjieKc K = K nejinemcH KOHennuM, cenanuM u KOMnaKmHUM kocum mopuuecKu-noAuadpaAbHUM 
KOMruieKCOM pama q — 1 u pa3MepHocmu 3q — 2 uau (npu q > 2 u q < \ coomeemcmeeHHo) ; nucjia 
Bemmu f3j = (3j (K.) KOMUAeKca K ydoeAemeopsimm HepaeencmeaM Mopca- CMeilAa: 

Pj ~ Pj-l + Pj-2 ~ + ■■■ <Qj ~ Qj-i + Qj-2 ~ Qj-3 + • • • , j > 0, 
sde Q(t) = ^j^QpQj '■= ^[/Jg-F 1 /^ t 9 ~ s ^' P(P>[f],t)- B uacrriHocmu, cnpaeedAueu Hepaeencmea Mopca: 
X (K) = |{[/] € F 1 / ~ | S (/) = 1}| , & < 9j , j > 0. 

3aMeiaHHe 2.9. Bcio/ry b cbopMyjinpoBKax yTBepjK^eHHH HacTOHmeli cTaTbii paccMaTpnBaioTCH npoH3- 
BOJibHbie o6o6meHHbie npocTpaHCTBa (pyHKinift Mopca F = F p * y )P « . q * ^ >q ii ;r * y r n (M , d + M , <9~ M) h i* 1 , 
cocTOHmne H3 (pyHKinin Mopca, y KOTopbix MoryT 6bitb KaK OTMeneHHbie (npoHyMepoBaHHbie) , Tax n 
HeoTMeHeHHbie (HenpoHyMepoBaHHbie) KpHTnnecKne tohkh. OflHaKO b ^OKa3aTejibCTBax HHor^a 6ya;eM 
CHHTaTb, hto F = F nnm hF'= F 1,num (cm. onpejejieHHe 12. 1]) . T.e. hto Bee KpnTHnecKHe tohkh cbyHKHHH 
Mopca f £ F npoHyMepoBaHbi. 3to He orpaHnnnBaeT o6ihhocth, TaK Kax Bee oTo6pa>KeHHH, nocTpoeHHbie 
b HacTOHmeii CTaTbe, corjiacoBaHbi c nepeHyMepannaMH Tex KpHTnnecKnx ToneK, KOTopbie H3HanajibHO He 
6bijiH OTMeneHbi (T.e. £ p » x E g » x £ r »-3KBHBapHaHTHbi OTHOCHTejibHO fleficTBHH rpynnbi £ p // x T, q n x £ r « 
Ha npocTpaHCTBe i^ num nepeHyMepannHMH H3HanajibHO HeoTMeneHHbix KpnTHnecKHX Tonex) . AHajiornnHO 
onpe^ejieHHio 12.11 h o6o3HaneHHio 12.21 o6o3HanHM nepe3 

Cf := Cffi U Cf t x U Cf t 2, Cf := C/ j0 U U C/,2 

MHOJKeCTBO BCeX KpHTHHeCKHX TOHeK (cOOTBeTCTBeHHO BCeX OTMeneHHblX KpHTHHeCKHX TOHeic) (pyHKHHH 
/ £ F. HMeeM BKJIIOHeHHH C C C/ C C/ H Ca C Cj 5 A ^= C/ ; A MHOJKBCTB CpHKCHpOBaHHblX KpHTHHeCKHX TO- 
HeK, OTMeHeHHblX KpHTHHeCKHX TOHeK H BCeX KpHTHHeCKHX TOHeK ( COOTBeTCTBeHHO HHfleKCa A) (pyHKHHH 

/, A = 0,1,2. 



3 IlocTpoeHHe CTaH^apTHbix kocbix i^HJiHH^pHHecKHX pyneK Dft h 

[/J isot 

OTo6paxceHHH hhi^h^ghthocth X[/] i S ot, [5] isot 

B ,n;aHHOM naparpacpe npeflnojiaraeTca, hto BbinojmeHO ycjioBHe (|2.2p (T.e. KOJinnecTBO p+q + r OTMe- 

HeHHblX KpHTHHeCKHX TOHeK npeBOCXO,fl,HT ^(M)). ^JIH KaJKflOrO KJiaCCa H30TOnHOCTH [/]isot CpyHKH,HH 

Mopca mm onnuieM nocTpoeHHe CTaH^apTHoli Kocofi u,HjiHHflpHHecKOH pyHKH Dffl , a ^jih KajK^oli na- 
pbi npHMbiKaroiHHX KjiaccoB h30tohhocth - cooTBeTCTByromee OTo6pa»ceHHe HHi^H^eHTHOCTH. B §4]oyfleT 
onncaHO nocTpoeHHe "KOMnjieKca ocHam;eHHbix (pyHKH,HH Mopca" IK, nojiyneHHoro H3 onHcaHHbix pyneK 
npn noMomH onncaHHbix OTo6pa»ceHHii HHH,HfleHTHOCTH. IIpoBefleM nocTpoeHHe b HecKOJibKO niaroB. 

3.1 IlocTpoeHHe MHororpaHHHKa D\f\ iaot fl- 113 KJiacca h30toiihoctii [/]i SO t 

Illaz 1 (onpeflejieHHe nepMyTosflpa V q ~ l nopaflKa q h onncaHHe ero rpaHeft). IlepMymosdp nopsidKa q 
- 3to BbinyKjibili (q — l)-MepHbiii MHororp aHHHK V q ~ l , BjiojKeHHbiii b g-MepHoe npocTpaHCTBO, BepuiH- 
hm KOToporo nojiyneHbi nepecTaHOBKaMH KoopflHHaT BeKTopa (1, . . . , q) (BnepBbie TaKHe MHororpaHHHKH 
H3ynaji Schoute (1911), Ha3BaHHe noHBHjiocb b KHHre Guiband & Rosenstiehl (1963), 6ojiee o6m;He "nepe- 
CTaHOBOHHbie MHororpaHHHKH" c MHOJKecTBOM BepuiHH Eg H3yneHbi Bowman (1972), cm. TaKJKe [51 ROKa3&- 
TejibCTBO TeopeMbi 3, mar 1]). OnnnieM ero no^po6Hee: nycTb ei, . . . , e q - CTaHflapTHbifi 6a3HC R 9 , h nycTb 

~P q ~ l Cl'- BbinyKjiaa o6ojionKa MHOJKecTBa ToneK P n = Ylk=i — e,r fe' n ^ H3BecTHO |37| . 

hto V q ~ x - (q— l)-MepHbin BbinyKjibiit MHororpaHHHK b eBKjninoBOM npocTpaHCTBe E 9_1 := (e± + . . .+e q ) , 
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HMeio intra poBHO q\ BepniHH P n , 7r € S ? , npnneM ero (<? — s)-MepHbie rpaHH HaxonHTCH bo B3anMHO on,- 

H03HaHHOM COOTBeTCTBHH C ynopnnOHeHHblMH pa36neHHHMH J = (J\, . . . , J s ) MHOJKeCTBa {l,...,q} Ha 

s HenycTbix no^MHOJKecTB Ji,...,J s (T.e. {l,...,q} = J% U . . . U J s ), 1 < s < q. A HMeHHO, rpaHb 
tj C V q ~ l , OTBenaroinan pa36iieHiiK> J = (Ji,...,J s ), - sto BbinyKjiaa o6ojionKa MHOJKecTBa ToneK 
(S ri x £ r2 _ ri x ... x S r . s _ r . s _ 1 )(P 7r ), r,a;e nncna = r$ < r\ < . . . < r s _i < r s = q h nepecTaHOBKa 7r € S g 
oflHOSHaHHO onpe^ejiaioTCH ycjioBHHMH 

«7i = {Tri,...,n ri }, J2 = {vr ri+ i, . . . ,7r r2 }, J s = {7iy s _ 1+ i, . . . , ir rs }, (3.1) 

7Ti < . . . < 7T n , 7r ri+ i < . . . < 7T r2 , . . . , 7T rs _ 1+ i < . . . < TT rs . 3flecb £ ri x £ r2 - ri x ... x S rs _ r . s _ 1 - nonrpynna 
rpynnbi S g , OTBenaioinaH pa36neHHio {1, . . . , q} = {1, . . . , r\} U {r\ + 1, . . . , U . . . U {r s ^\ + 1, . . . , r s }, 
h ,n;eHCTBHe nepecTaHOBKH /) £ S 9 Ha TOHKe ^aeT TOHKy P pn , rne (/9vr)j := 7T Pi , 1 <i < q. 

ynopaflOHeHHbie pa36neHHH J = (J\, . . . , J s ) MHOJKecTBa {1, . . . , q} mojkho paccMaTpHBaTb KaK ot- 
HouieHHa nacTHHHoro nopnnKa Ha MHOJKecTBe {1, . . . ,q}. Ecjih pa36neHHe J nojiynaeTcn H3 pa36neHHH 
J = (Ji, . . . , J s ) nyTeM H3MejibneHHH (T.e. pa36neHHH HeKOTopbix MHOJKecTB Ha HecKOJibKO noflMHO- 
jKecTB), 6ya,eM nncaTb J -< J. H3 onncaHHH rpaHelt MHororpaHHHKa V q ~ l cjie,zryeT, hto ycjioBHe J -< J 
paBHOCHjibHO r j -< tj, T.e. npHMbiKaHHio rpaHeii (cm. onpenejieHne I2.4T D)). 

JleMMa 3.1 (o rpaHHX nepMyTos^pa V q ~ l ). Tlycrrvb (fiuKcupoeana zpam> r -< V q ~ l . /^jih jik>6ou zpanu 
t -< V^ 1 , manou umo r -< t, paccMompuM coomeemcmeymvuee pa36uenue J = (Ji,..., J s ) u nocjie- 
doeameAtHocmb uuceji (| J\\, . . . , \ J s \)- Tozda conocmaejienue r h-> (| J\\, . . . , | J s |) (djisi r -< r -< V q ~ x ) 
UHneKmueno. B uacmHocmu, jik>6ou aemoMopcf)U3M nepMymoadpa V q ~ l c M 9 , undyi^upoeaHHUu nepe- 
cmaHoeKou KoopdunamHux oceu, donycmuM (cm. onpejejieHHe I2.3T A)). 

/joKasamejibcmeo. IlycTb r = tj, J = (Ji, . . . , Jj). BBH^y J -< J ynopa^oHeHHoe pa36neHHe J nojiyna- 
eTCH H3 ynopH^oneHHoro pa36neHHH J nyTeM o6T>e r iniHeHHS HeKOTopbix coce^HHX noflMHOJKecTB b opjio 

no^MHOJKecTBO, T.e. Jfc = |J Ji, 1 < k < s, rjih HeKOTopbix ao = < a\ < . . . < a s = s". IlosTOMy 

i=dfc-i+l 

|Jfc| = J2 \Ji\- OTcro,n;a cjie,n,yeT, hto no pa36neHHK) J n Ha6opy nnceji (|Ji|, . . . , nocjie^oBa- 

1=0^-1+1 

TejibHOCTb ao=0<ai < ... <a s = s, a noTOMy n pa36neHne J, onpe,a,eji5noTCH o,n,H03HanHO. JleMMa 
,a,OKa3aHa. □ 

Ulaz 2. ^jih KajKflon (pyHKH,nn Mopca f E F paccMOTpHM MHOJKecTBO Cf t \ =: {yj}j =1 ~ {1, • • • , q} ee 
ceflJioBbix KpnTnnecKHX ToneK (cm. 3aMenaHne 12. 9p n eBKjiHflOBO BeKTopHoe npocTpaHCTBO 0-Kon,eneli 

H° f := C°(C f x,W) = ^ Cli = (3.2) 

CO CTaHflapTHOH eBKJIHflOBOH MeTpHKOH. B 3TOM BeKTOpHOM npocTpaHCTBe paccMOTpHM MHororpaHHHK 

■p' -1 C Hp nBjiniom,HHCH o6pa30M MHororpaHHHKa V q ~ x C npn KaKOH-jin6o 6neKn;HH C^i — > {1, . . . , q}. 
PaccMOTpHM "BbiHHCJTinoinyio" 0-Koi;enb 

c = c{f) :=f\c ftl = (ci,...,c 9 ) eHj, 

T.e. (pyHKu;Hio c: Cy i — > M, conocTaBjiniomyio KajK^olt ceflJiOBolt Tonxe yj G C^i 3HaneHHe Cj := /(yj) 
(pyHKinm / b 3Toit TonKe, 1 < j < q. ConocTaBHM 0-Kon,enH c = (ci, ... ,c q ) hhcjio s(c) := |{ci, . . . , c q }\ 
pa3jiHHHbix ce^jioBbix 3HaneHHH h ynopnfloneHHoe pa36neHne J = J(c) = (J\, . . . ,J S ) MHOJKecTBa cep,- 
jiobmx ToneK Cf t \ ~ {l,...,q}, onpe^ejineMoe CBoltcTBaMH (|3.ip n c 7T1 = ... = < c Kr +1 = ... = 
Ct,-,. < . . . < Ct,-,. +1 = . . . = c 7Trs . (To ecTb, J - sto oTHomeHHe nacTHHHoro nopa^Ka Ha MHo>KecTBe Cf^\ 

Ce^JIOBblX KpHTHHeCKHX TOneK (pyHKI^HH / 3HaneHHHMH (pyHKH,HH f\c fl -) Mojkho TaKJKe paccMaTpHBaTb 
J = J(c) KaK dopb.eKri;Hio — > {1, . . . , s}, nepeBo^amyio y^. k npn r^_i < j < r^, 1 < j < q. 
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B KaJKflOM KJiaCCe 3KBHBajieHTHOCTH [/] G F 1 / ~ (cOOTBeTCTBeHHO KJiaCCe H30TOIIHOCTH [/]isot £ 

F 1 1 ~isot) OTMeTHM pobho o/XHy (pyHKHHio Mopca / 3Toro Kjiacca, TaK hto6bi jno6aa (pyHKiniH / G F 1 , hb- 
jiHK»m,aacH OTMeneHHoii (pyHKinieH Kjiacca 3KBHBajieHTHOCTH [/], HBjiHjiacb OTMeneHHoii cpyHKixHeH Kjiac- 

Ca H30TOIIHOCTH [/]i so t- ConOCTaBHM KJiaCCy H30TOIIHOCTH [/]i S ot c OTMeHeHHOH (byHKHHeH / H pa36HeHHIO 

J{ c (f)) rpaHb 

%] is ot = D f '■= T J{<f)) C V f l . 
LUaS 3. IfeyHHM B3aHMOCB5I3b MHOrorpaHHHKOB -C[/] isot ) -D[g] isot A- 113 npHMblKaiOIHHX KJiaCCOB H30TOnHO- 
CTH [/]isot -4 [#]isot- JIK)6oH (pyHKHHH / CFh COOTBeTCTByiOmerO g-MepHOrO eBKJIHflOBa npocTpaHCTBa 

Hj = R 9 (cm. mar 2) BbmojmeHbi cjiejiyiomHe jiBa CBOHCTBa: 

1) jijih jiro6oro BeKTopa c £ ify! = cymecTByeT £0 > 0, TaKoe hto (i) jj;jih jno6oro c' G = W 1 
co cbohctbom |c' — c| < £o BbinojiHeHo J(c') ^ </(c), h (ii) fljia jno6bix e G (0,eo] H pa36iieHHH J X </(c) 
cymecTByeT c' G co CBoiicTBaMH \c' — c\ < e h J(c') = J; 

2) corjiacHO [27] yTBepjKfleHHe 1.1 h §3], jiro6aa ("HeB03MymeHHafi") (pyHKHHH / G F HMeeT CTOJib Ma- 
jiyio OKpecTHOCTb VjbF, hto jj;jih jho6bix ("B03MymeHHbix") cbyHKHHii f, fx G U/ paBeHCTBa [fh~ jlf^t = 

[^^(h/jj^t H J (( /l ^j)*°( c (/))) = J ((^J 1 )*°( c (/l))) paBHOCHjibHbi, r^e nepes ^ 0;/j jG ^° o6o3HaHe H 
JXH(p(peOMOp(pH3M, 6jIH3KHH K TOJKfleCTBeHHOMy, TaKOH HTO h-\JCf) = Cj, nepe3 ~: H® — >• 

HbyryijHpoBaHHbiH H30MopcpH3M rpynn 0-KOH,eneH, a nepe3 \fh~ j^sot o6o3HaHeH Kjiacc h30toiihocth 

(pyHKHHH fh~ l ~ C CpHKCIipOBaHHblM MHOJKeCTBOM KpHTHHeCKHX TOHeK (npH (DHKCHpOBaHHOH (pyHKHHH 

/); b nacTHOCTH, npn BbinojiHeHHH yKa3aHHbix paBHOCHjibHbix paBeHCTB cymecTByeT jj,H(pcpeoMop(pH3M 
h-^.r,-! j h -i G 3>® , roMOTonHbilt idM B npocTpaHCTBe roMeoMopcpH3MOB napbi (M,Cf) 11 nepeBOjja- 

'"' O;/,/'-' 1 0;/,/! 

ihhh jihhhh ypoBHa (pyHKHHH fih -1 ~ b jihhhh ypoBHH cpyHKHHH fh~ l ~ c coxpaHeHHeM HanpaBjieHHH 

0;/,/i 0;/,/ 

pocTa. 

B CHjiy 3thx cbohctb, jijih jho6oh (pyHKHHH / G F 1 HMeeTca dopb-eKUHH (5[/]isot MHOJKecTBa Bcex rpa- 
Heft t' -< t := Tj( c (j)) Ha MHOJKecTBO Bcex KjiaccoB h30toiihocth [<7]isot >~ [/]isot ( CM - onpejejieHHe 12 . 4T D ) ) . 
TaKaa hto 6[f} isot : r' ^ 5 T >[f] isot := [/]i so t Tor^a h TOJibKo Tor^a, Kor^a 

T ' = T J({h-^j)*°{ c (J))) = T J((^ 1 r ,)*°(c( 9 )))' ( 3 - 3 ) 



r^e / G U/ h /i Q . „ paK bo BTopoM CBoftcTBe Bbinie, g — OTMeneHHaa (pyHKU,Ha Kjiacca h30toiihocth [/] 



isot j 



hf,r> ■= Kjj\lg G h %> ■ H f ff J ( 3 - 4 ) 

— HH^yi^HpOBaHHblit H30M0p(pH3M, a ,HHCp(peOMOpCpH3M G nepeBO,H,HT JIHHHH ypOBHS (pyHKH^HH g B 

JIHHHH ypOBHH (pyHKH,HH / C COXpaHeHHeM HanpaBJieHHH pOCTa (OH CyHI,eCTByeT BBH/jy H30TOnHOCTH (pyHK- 

h,hh /,5f), OTKyzra / = h^gK^- /j,jih HeKOToporo hi G Diff + [— 1;1]. KoppeKTHOCTb onpe,a,ejieHHH ciopb.- 

eKII^HH 5[/]isot) T - e - He3aBHCHMOCTb KJiaCCa H30T0nH0CTH (5 T '[/]i S ot = [/]isot OT Bbl6opa (pyHKH,HH / G Vf 

c 3a/j,aHHbiM 3HaHeHHeM J((/i~ 1 ~)*°(c(/))), cjie/j;yeT H3 BToporo CBOHCTBa (cm. Bbinie). Ecjih ,n;H(p(peo- 

MOp<pH3M /lJ jT / = ^"0 / g n OCTpoeH C nOMOmbK) (pyHKII^HH fx G U/, TaKOH hto J((h~ j)*°( c (/))) = 

J{(h~ l ~ )*°(c(/i))), to jj;H(p(peoMop(pH3M hJ T ,h,,r h -i /i/ jT ' (cm. BTopoe cbohctbo Bbinie) nepeBO- 

0;/,/l ' '■' 0;/,/' /l 0;/,/! 

jj;ht jihhhh ypoBHH cpyHKii;HH g b jihhhh ypoBHH cpyHKi^HH g c coxpaHeHHeM HanpaBjieHHH pocTa, a noTOMy 
BBH,a;y [311 jieMMa 1] npHHa^JiejKHT (stab^og) (Diff°(M, C 9 )), OTKyjra 

hjlrhfy G (stable/) (Diff°(M, C g )), (3.5) 
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rfle nepe3 stab ^og o6o3HaneHa rpynna H30TponHH sjieMeHTa g OTHOCHTejibHO ecTecTBeimoro npaBoro fleft- 
ctbhh rpynnbi Ha F 1 , a nepe3 Diff°(M, C g ) C £F° rpynna ^H<p(peoMopcpH3MOB napbi (M,C g ), ro- 
MOTonHbix idM B Kjiacce roMeoMopcpH3MOB napbi, iyje C g — MHoncecTBO KpHTnnecKnx ToneK (pyHKHHH 
9- 

IlycTE. / G F 1 — OTMeneHHaH (pyHKiniH Mopca Kjiacca H30TonHOCTH [/]j so t- A 113 Jho6oh rpaHH r' -< 
r J(c(/)) =: ^[/]i 80 t o6o3HannM nepe3 g G F 1 OTMeneHHyro (pyHKinno Kjiacca H30TonHOCTH 5 r '[/]isot H (pHK- 
cnpyeM ;iH(pcpeoMop(pH3M hf )T > G KaK b ([3.3|) h (|3.4p . Torjra, BBH/ry paBeHCTB (|3.3p h (/ij r /)*°(rj( c )) = 
Tj^ h -i )»o( c ))i HMeeM H30MopcpH3M rpaHeft 

| r , : T ' _> fcjo, (r ') = r J{c{g)) = D [gUt . (3.6) 

H3 yKa3aHHbix b Hanajie niara HByx cbohctb Mbi TaioKe nojrynaeM, hto H3 [/i]i so t >~ [g]isot >~ [/]isot 
cjienyeT [h] isot >~ [f]i so t, H 

&r"[/]isot = ,(r")M/]isot AJia Jno6bix rpaHeft r" -< t' -< T/( c (/)). (3.7) 

IlycTb g,gi £ F 1 — OTMeneHHbie (pyHKHHH KjiaccoB H30TonHOCTn 5 r '[/]isot) ^r"[/]isot cooTBeTCTBeHHO, h 
nycTb g G U 9 n hf T ,(r") = Tjn^ 1 -)*°(c(g))) ( CM ' P-^P - flS-ZD )- IIoKaHceM, hto BbinojmeH cjiejxyioiHHH 
aHajior coomnomeHUH mpaH3umueHocmu: 

h 7y> h f,T>h g , h *0 T/{rn G (stab^i) (Diff°(M,C gi )), (3.8) 

r;j;e C ffl — MHoncecTBO KpHTnnecKnx ToneK (pyHKHHH g\. ^encTBHTejibHO, (pyHKHHH f\ := h2gh~ 1 j G 

[<?i]isot 6jiH3Ka k (pyHKnnn / = h2gh~ 1 ~ (a noTOMy n k (pyHKHHH /); jjH(p(peoMop(pH3M h^j ^0;g,g^~~ 

6jih30k k idM n nepeBO^HT KpnTHnecKne tohkh "B03MymeHHoft" (pyHKHHH /i b KpnTnnecKHe tohkh "HeB03- 
MymeHHoft" (pyHKHHH /, a noTOMy ^ncpcpeoMopcpHSM 

7) ~ h ~ h ~ h ~h~^ C O/f 1 

6jih30k k idM h nepeBO^HT KpnTnnecKHe tohkh "B03MymeHHoft" (pyHKHHH j\ b KpnTnnecKHe tohkh "HeB03- 
MymeHHoft" (pyHKHHH /; /jH(pcbeoMopcpH3M h^r G £F° nepeBOiiHT jihhhh ypoBHH (pyHKHHH g b jihhhh 

ypoBHH (pyHKHHH /i c coxpaHeHHeM HanpaBjieHHH pocTa, a noTOMy jj;H(pcpeoMopcpH3M 

K 7 '■= h, 7 hi. 7 01 G £F° 
nepeBO^HT jihhhh ypoBHH (pyHKHHH g\ b jihhhh ypoBHH cpyHKiniH /i c coxpaHeHHeM HanpaBjieHHH pocTa. 

OTCH3/I,a 

h fy h g,hf T ,{r") = K;f,f h l;f,g h 0;g ,g h l;g , gi = KjJ^lJug^ 
T.e. Mbi pa3JIOJKHJIH ,a;HGp(peOMOpGpH3M h^ T ih g h *0 ( T /^ B KOMn03HHHIO, aHajIOrHHHyiO pa3JIOJKeHHK) hfyi = 

^o-//i^i7i si' CM ' P-^P - BBH/jy ()3.5p sto ,zi;oKa3biBaeT ()3.8p . 

Ecjih h G stab^o/, a r',g KaK Bbiuie, to BBH/j,y (|3.3p BbinojiHeHO h*°(r') = Tj^ h -i yo^J^y^ H 

4*°(r')[/]isot = b^]isot = [#]isot (BBH^y /i G @°), OTKy^a h^ h ,Q {T ,) = h Q . f j h h v j hg 

= hoh~ 1 h (j ,j.jh h^ 1 h 1 ,j- h\ = hoh~ 1 hfyh\ /ijih HeKOTopbix /io G Diff°(M, Cf) h ft-i G TaKHX hto h\ 
nepeBO/j;HT jihhhh ypoBHH (pyHKHHH g b jihhhh ypoBHH (pyHKHHH g c coxpaHeHHeM HanpaBjieHHH pocTa, 
no3TOMy h\ G (stab^o5f)(Diff°(M, C g )) BBHjj^y |31| jieMMa 1], orKyjra 

h 7y hh f,h*°(r') e (stable/) (Diff°(M,C g )). (3.9) 
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3.2 IIocTpoeHHe yTOJinjeHHoro ipuinH^pa §>[/] isot A- 1151 KJiacca h30toiihocth [/]i SO t 

Illaz 4- IlycTi. / G F 1 — OTMeneHHaa (pyHKHHH Mopca KJiacca h30toiihocth [/]; so t- no aHajiornn c npo- 
cTpaHCTBOM 0-KOHeneli H® = M. q (cm. (|3.2p ) BBe^eM /iBOHCTBeHHbie ppyr flpyry BeKTopHbie npocTpaHCTBa 
OTHOCHTejibHBix l-roMOjioriift h OTHOCHTejiBHbix 1-KoroMOJiorHH Hafl nojieM R: 

H f)1 := Hi (M \ (C /)0 U C /)2 ),C /|i; K) - M 2 ", 
fl}:=ff 1 (M\(C/ j0 UC w ),C / ,i;R)^HomR(fl>,i,R)^R 2 9, l ' j 

rpp H30Mopcpn3M Hj = Homj^-ff^i, R) HH/xyinipoBaH paBeHCTBOM C 9 (X,A;R) = Hom(C 9 (X)/C g (A),R) 
fljia napbi Bopcyxa (Jf, .A) := (M\ (Ct o UCf 2)) n P H 9 = ^ ( CM - |36| §§12.5, 15.2, 15.5]). PaccMOTpHM 
opHeHTHpoBaHHbiii rpacp C M\(Cf t oLlCf 2), cm. o6o3HaHeHHe 12.51 3tot rpacp HMeeT q BepniHH (hbjihio- 
ranxcH ce/;jioBbiMH TOHKaMH y\ , . . . , y q G Cfi), CTeneHH Bcex BepniHH paBHbi 4, a 3HaHHT b rpacpe 2q pe6ep, 

KOTOpbie o6o3HaHHM ei, . . . ,e2q- 06o3HaHHM OTHOCHTejIbHblH TOMOJIOrHHeCKHH Kjiacc OpiieHTHpOBaHHOrO 

pe6pa ei nepe3 [ej] G 1 < i < 2g. 

Onpe/j;ejiHM b BeKTopHOM npocTpaHCTBe Hj = R 2<? BbinyKjibie no/iMHOJKecTBa 

CHCTeMaMH H3 4^ H 2g HepaBeHCTB COOTBeTCTBeHHO: 



%W =U f :=\ueH} 



1 < «([<*]) < — ^-77, 1< % < 2q }> , (3.12) 



^[/U = := ( n G I > °' 1 < ^ < 2g} , (3.13) 

r/j,e s = s(c(f)) : = |/(C/,i)| - KOJinnecTBO ce/ijioBbix 3HaHeHHii cpyHKHHH /. 

ZZ/az 5. KaJK^aa KOMnoHeHTa cbh3hocth npocTpaHCTBa M \ Gf co^epjKHT He 6ojiee o/htoh KpHTHHe- 

CKOH TOHKH (pyHKHHH / (a HMeHHO, TOHKH MHHHMyMa HJIH MaKCHMyMa) H He 6ojiee O/IHOH KOMnOHeHTbl 

cbh3hocth Kpan dM , h roMeoMopcpHa jih6o OTKpbiTOMy Kpyry (c ojihoh KpHTHHecKoii tohkoh), jih6o no- 
jiyoTKpbiTOMy HHjiHHjxpy S 1 x [— 1;0) hjih S 1 x (0; 1] (c o/xhoh KOMnoHeHToii Kpaa S 1 x {±1} C 3 ± M), 

JIH60 "OTKpbiTOMy HHJIHHflpy" 

Z t = Z e (f) « S 1 x (0; 1), 1 < £ < n = n(f), (3.14) 
KOTopbie BMecTe co cbohm 3aMbiKaHHeM co,a,epjKaTCH b (intM) \ (C/,o UC/^), r/j;e n = n(/) — kojikhcctbo 

OTKpblTblX HHJIHH/rpOB. ConOCTaBHM OTKpbiTOMy HHJIHHJXpy Zg eTO CepejJHHHyiO OKpyjKHOCTb 

It = liU) = S 1 x |i| c Z e = S 1 x (0; 1) (3.15) 
h cjiejxyromee JiHHeftHoe BeKTopHoe nojie V£ Ha bcktophom npocTpaHCTBe Hj. 3HaneHHe vg(u) € Hj nojin 

V£ B JII060H TOHKe U G i/j — 3TO OTHOCHTejIbHblH l-KOH,HKJI, 3HaHeHHe KOTOpOrO Ha JII060M OTHOCHTejIbHOM 

l-i^HKjie a G H\(M \ (C/o UCf2),Cfi) C onpeflejiaeTca (popMyjioii 

u/(«)([o]) := «(N), aGiTi(M\(C /j0 UC /)2 ),C /)1 ), (3.16) 

r/j;e ([7^],a) — HHfleKC nepeceneHHa u,HKjia [7^] G H\(M \ Cf) C H^\ h OTHOCHTejibHoro n;HKjia a, 
1 < I < n. ffpyvviMM, cjioBaMH, jiHHeHHoe BeKTopHoe nojie vg Ha Hj 3a/j;aeTCH M-jiHHeHHbiM onepaTO- 
poM Hj — > Hj, HBjinroiiniMCH o6paTHbiM o6pa30M npn H30MopcpH3Me Hj = Hom]R(iI/ ) i, R) R-jiHHeiiHoro 
onepaTopa Hf\ — > Hf i, a 1— > { [7^] , a) [jg] . Ha rnare 6 mm ycTaHOBHM CBoiicTBa BeKTopHbix nojiefi vi, . . . ,v n . 
Onpe,n;ejiHM /j;HcpcpeoMopcpH3M 

h e := t lt G stab^/ C 21, 1 < £ < n, (3.17) 
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KaK CKpyuueanue fl^ana ty e (cm. |38| ) BOKpyr OKpyjKHOCTH 7^ (cKpynHBamie JJ,3h& fcy. coBna,n,aeT c id.M 
BHe OTKpbiToro HHjiHHflpa h nojiynaeTca c noMombio pa3pe3aHna noBepxHOCTH B/i,ojib OKpyjKHOCTH 
7£, nepeKpyHHBaHHa o^Horo KOHna pa3pe3a Ha 2n h CKjieiiBaHiisi) . ,II,HcpcpeoMopcpH3Mbi hi, 1 < £ < n, 
nonapHO KOMMyTiipyioT, Tax k&k hx HOCHTejiH nonapHO He nepeceKaioTCH. PaccMOTpHM nopoJK^eHHyio 
hmh a6ejieBy rpynny 

[/]i SOt = / := (hi,...,h n ) C stab^/ C 9. 

PaccMOTpHM HHflyu,HpoBaHHbie aBTOMopcpH3Mbi h\ £ Aut (Hj), 1 < £ < n, h nopojKfleHHyio hmh a6ejieBy 
rpynny 

e */W = ®f = (K,...,K)c Aut(Hj). (3.18) 

HeTpyznro noKa3aTb, hto no/npynna Q*j C Aut(ff|) H30MopcpHa cboGo/htoh a6ejieBOH rpynne paHra n, h 
hto aBTOMopcpH3M /i| coBna^aeT c noTOKOM g\ t : Hj — > BeKTopHoro nojia V£ 3a BpeMH 1, 1 < £ < n. 
PaccMOTpHM b rpynne Oy = Z n no,nrpynny (!%P n ©/)* C 0^ n paccMOTpHM npocTpaHCTBa op6nT 

%w = S/ := t/>/(*° n 6;)*, s^ ]isot = sf := Vf/iaP n e,)*. 

PaccyjKfleHHH Ha cjie/ryioinHX uiarax npoBO^HTca fljis C/j, ho BepHbi n /ljih Uf°. 

Ulaz 6. Ha 3tom mare onpe^ejraeTCH CBo6o/nroe flencTBHe inuinH/rpa W l ~ d x (S' 1 ) ci Ha npocTpaHCTBe 
St, rpje d = d([f\) — paHr rpynnbi (Qr n ©/)* (xaK cbo6o^hoh a6ejieBOH rpynnbi). 

IToCTpOHM HBHO 6a3HC BeKTOpHOrO npOCTpaHCTBa Hj = W 2q . ECJIH KOJTHHeCTBO n = n(f) OTKpblTblX 

inijiHH/rpoB Zi C M\Gf (cm. (|3.14p ) paBHo Hyjno, nojiojKHM Gf := Gf. Ecjih n > 0, 6y^eM BbiKH^biBaTb 
H3 rpacpa Gj no o/rnoMy (oTKpbiTOMy) pe6py, HTo6bi KajK^bifi pa3 KOjinnecTBO KOMnoHeHT cbh3hocth 
,j],onojiHeHHH rpacpa b M, He nepeceKaiomHxcH c (dM) U Ct U C/,2> yMeHbniajiocb Ha 1. TaK KaK ^jih 
rpacpa Gf yKa3aHHoe KoimnecTBo paBHo n, to nocjie BbiKn^biBaHHs H3 Hero n pe6ep (pjix onpe,n,ejieHHocTH 
ei,...,e n ) yKa3aHHbiM ajiropnTMOM hx KOJinnecTBO CTaHeT paBHbiM Hyjno, n nojiynnTca no^rpacp c q 
BepmnHaMH h 2q — n pe6paMH e n +i, . . . , e 2 q. B KajKflOM otkpbitom i^HjiHH^pe Z^ npoBe,neM (oTpbiToe) 
opneHTHpoBaHHoe pe6po e£, rjia/iKO BjiojKeHHoe b stot hhjihh,h,p, c KOHHaMH b ceflJioBbix Tomcax, TaKoe, 
hto orpaHHneHHe cpyHKinrn / Ha sto pe6po mohotohho B03pacTaeT. ,U,o6aBHM k nojiyneHHOMy no^rpacpy 
n opHeHTHpoBaHHbix pe6ep 

ei C Zi, 1 < £ < n 

(B3aMeH Bbi6ponieHHbix e\, . . . , e n ). B pe3yjibTaTe nojiynnM rpacp Gf C (int M) \ (Ct UCf 2) c 2g pe6paMH 
ei, . . . , e n , e n +i, . . . , e2 9 h g BepuiHHaMH y\,...,y q . TaK KaK ^onojiHeHHe rpacpa G/ b noBepxHOCTH M co- 

CTOHT H3 OTKpblTblX KpyrOB (cO,Z],epjKaHI,HX no OflHOH TOHKe MHHHMyMa HJIH MaKCHMyMa) H nOJiyOTKpblTblX 

i;HjiHHflpoB (coflepjKamnx no o^Hoit KOMnoHeHTe Kpan M), to rpacp Gf HBjiaeTCH cnjibHbiM flecpopMaun- 
ohhmm peTpaKTOM noBepxHOCTH M \ (Cffi U Cfi). Cjie^oBaTejibHo, BjionceHHe Gf ^ M \ (Cf t o U C/,2) 

HHflyr^HpyeT H30MOpCpH3MbI 2(7-MepHbIX BeKTOpHblX npocTpaHCTB 

OTHocHTejibHbie Kjiaccbi roMOJiornii \e\\, . . . , [e n ], [e n +i], ■ ■ ■ ,[ e 2q] G H\(Gf, Cf t i; M.) opHeHTHpoBaHHbix 
pe6ep rpacpa Gf o6pa3yioT 6a3HC BeKTopHoro npocTpaHCTBa H\(G f,Cf : i]M) = Hf\ = M. 2q . nepexo,n, k 
flBoficTBeHHOMy 6a3Hcy flaeT 6a3Hc [ei]*, . . . , [e n ]*, [e n +i]*, . . . , [e2 q ]* BeKTopHoro npocTpaHCTBa 

H\G f ,Cf,i] R ) ~ H }~ ( H fA)* - r29 - 

ITycTb u\, ... , u n ,u' n+1 , . . . u' 2q - Koop,a;HHaTbi b Hj no oTHouieHHio k 6a3Hcy [ei]*, . . . , [e n ]*, 
[e n +i]*, . . . , [e2g]*- PaccMOTpHM pa3jiojKeHHe 

Hj = (lea]*, . . . , [e n ]*) ([e n+1 ]*, . . . , [e 2g ]*). (3.19) 
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IlpeflCTaBHM jho6oh OTHOCHTejibHbiit kohhkji u G H j k&k cyMMy u = u + u' ero npoeKnnii Ha no^npo- 
CTpaHCTBa b pa3jiojKeHHH (|3.19p . HeTpynHO ,npKa3biBaeTCH, hto 

[e i ]&([e n+1 },...,[e 2q })=Im[H 1 (G f ,C f>1 ;M)^H f)1 ], l<i<2q, (3.20) 

m*)U = ker [Hj C fX , R)] , (N*)g n+1 - H\G f ,C ftl ;R). 

OTciofla w([ej]) = n'([ej]), 1 < i < 2q. IIojiojkhm 

:= {«' 6 <N*>£n + i I 1 < «'([<*]) < (2 ^ + l)!! ' 1 < < < 2 ?} , (3-21) 

cp. ()3.12p . Tor^a u € £// b tom h TOjibKO tom cjiynae, Korfla v! G £/y, npiineM C/j- - BbinyKjibiii mhoto- 
rpaHHHK. rio3TOMy cnpaBefljiHBO pa3jio>KeHHe 

U f = ([e 1 r,...,[e n ]*)®U' f , me U'f C ([e n+1 ] *,..., [e 2q ]*). (3.22) 

B 6a3Hce [ei]*, . . . , [e n ]*, [e n+ i]*, . . . , [e2 q ]* npocTpaHCTBa .ffj- jinHeltHbie BeKTopHbie nojia v\, . . . , v n Ha 

i^j- HMeiOT BHfl 

= M«)>?=l C (N*)F=i = ker [if) -+ H 1 (G/,C^i;R)] , (3.23) 



T.e. KacaTejibHbi Ka>K,noH n-MepHolt njiocKoc™ ([ei]*, . . . , [e n ]*) + u' C fly, u' G ([e n +i]*, . . . , [e2 q ]*), 
h Bcro,n;y Ha Heit HMeiOT nocTOHHHbie KoscpcpHinieHTbi BBH/ry ()3.20p . IloBTOMy KajK^aa Taxaa n-MepHan 
njiocKOCTb HHBapnaHTHa OTHOCHTejibHO noTOKOB BeKTopHbix nojiefi v\,...,v n Ha Hj h sth nojia kom- 
MyTHpyioT. Tax KaK npn v! G U'f sth BeKTopHbie nojia (c nocTOHHHbiMH KOBapcpnnneHTaMn) jiHHeftHO 
He3aBHCHMbi b yKa3aHHoft njiocKOCTH, to hx noTOKH . . . 5*™ nopojKflaioT CBo6o,HHoe fleiicTBHe rpynnbi 
M. n Ha npocTpaHCTBe Uf, cm. (|3.22p . npnneM op6nTbi SToro fleftcTBHH hbjihiotch n-MepHbiMH njiocKOCTHMH 
([ei]*, • • • , [e n ]*) + u' C Uj, u' G fly. Tax KaK rpynna M n ^encTByeT CBo6oflHO Ha Uf, to ee CTaH^apTHaa 
i^ejiOHHCJieHHan penieTKa Z™ C M n TOJKe ^eiicTByeT cbo6o^ho Ha Uf. TaK KaK flencTBne £-ro 6a3HCHoro 
sjieivreHTa penieTKH Z n coBnaflaeT c £-hm 6a3HCHbiM 3jieMeHTOM <^ = /t| G Aut(fly) rpynnbi 9y = Z n 
(cm. (|3.17|) . (|3.18|) ). to ,n;eHCTBHe rpynnbi 9y C Aut(fly) Ha fly cbo6o,hho h KOMMyTnpyeT c ^encTBneM M n 
Ha Uf (3aflaHHbiM npn noMomn noTOKOB BeKTopHbix nojiefi v\, . . . , v n ). IlosTOMy flefrcTBHe rpynnbi M n Ha 
Uf HH^ynnpyeT KoppeKTHO onpe/i,ejieHHoe CBo6oflHoe fleficTBHe HHjiHHflpa W l /Z d = M. n ~ d x (5' 1 ) d Ha cpaK- 
TopnpocTpaHCTBe S/ = U f /(&° n 9/)*, r fl e (&° f~)Of)* = Z d C Z n — noflrpynna rpynnbi 9} ^ Z n C M n , 
n nepe3 d = d([f]) o6o3HaneH ee paHr (KaK paHr CBoGoflHon a6ejieBoft rpynnbi). 

Bee paccyjK^eHHH flaHHoro mara BepHbi ,a;ji5i Uf° ,(U'f)°° bmccto Uf,U'f, rpis (Uf)°° onpe,n,ejiJieTCH 
aHajiornnHO ()3.2ip . 

LUaz 7. Ha stom ruare BBOflHTca Ha npocTpaHCTBe E>f CTpyKTypa yTOJim;eHHoro i;HjiHH/i,pa (cm. onpe- 
flejieHHe 12. 3p . fljifl 3Toro 6yzryT nocTpoeHbi cnen,HajibHbie (KpnBOjiHHeiiHbie) Koop^HHaTbi Ha BbinyKjioM 
MHOJKecTBe Uf C Hj h Ha yTOJim;eHHOM ^jiHHflpe S/ = Uf/(Z&° fl 0/)*, b KOTopbix nocTpoeHHbie Bbinie 
cBo6oflHbie fleiicTBHa rpynnbi M. n Ha Uf n rrnjiHHflpa W 1 /Z d = W l ~ d x (S 1 ^ Ha Sf "BbinpaMjiaioTCH". 

IIocTpoHM hbho Ha6op o6pa3yioru;HX rpynnbi (^° n 9/)* C 9^ C Aut(Hj). HanoMHHM, hto Ha6opoM 
CBo6o^Hbix o6pa3yiom,HX rpynnbi 9y = Z n hbjihctch Ha6op aBTOMopcpH3MOB h\,...,h* t G Aut(iTi), OTBe- 
naiomnx OTKpbiTbiM i^HjiHHflpaM Zi, . . . , Z n , rj^e n = n(f), cm. ()3.14p . IloKajKeM, hto nocjie no/rxoflflinen 
nepeHyMepan,nn u;hjihh/i,pob Zi (n OTBenaioiHHX HM aBTOMopcpH3MOB no,zi,rpynna (^°n9j)* C 9^ = Z™ 
pacKjia^biBaeTCH b npHMoe npoH3Be/i;eHHe no,a,rpynn 

(#>n9 / r = 9} i0 x9} il x...x9} je , r fl e 9} j0 = {hi, . . . , h*J, (3.24) 
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rfle nejibie nnaiia < e < n n = U-i < z^o < v\ < ■ ■ ■ < v e < n 3aBHCHT ot [/]. OTcro^a cjie/ryeT, hto 
paHr rpynnbi (£F° Pi 6/)* paBeH 

rank(^°n0/)* = d = u e - e. (3.25) 

PI3 (|3.25p HeTpy^Ho BbiBec™, hto oh He npeBocxo/piT Huojia p'+p"+r'+r" "njiaBaiomnx" ToneK jioKajibHbix 
MHHHMyMOB h MaKCHMyMOB, a Taicace nojiyHHTb ocTajibHbie oneHKH fljiH d H3 TeopeMbi I2.6T C) . 

Onucanue nocmpoenusi nodzpynnu C &° H 0/ . IlycTb (nocjie noflxo/rinnen nepeHyivrepanHH nn- 
jiHHflpoB Z\, . . . ,Z n b (|3,14|) h cooTBeTCTByiomeH nepeHyMepannn OKpyjKHOCTeli 71, . . . ,j n ) OKpyjKHOCTH 

7^ C M\Cf C M\C, 1 < < Vq - 3TO BCe TaKHe OKpyjKHOCTH MHOJKeCTBa {71, . . . ,7 n }, KaJK^aH H3 koto- 

pbix pa36nBaeT noBepxHOCTb M \C Ha ,n;Be nacTH (cm. onpeaejieHne 12 . ll o6o3HaHeHHe 12 . 2| 3aMenaHHe l2.9p . 
npnneM o6 r be/nrHeHne o^hoh H3 sthx flByx nacTen c OKpyjKHOCTbio ji roMeoMopcpHO jih6o Kpyry, jih6o 
npoKOjioTOMy Kpyry (T.e. Kpyry 6e3 o^Hoit BHyTpeHHeii tohkh), jih6o niijiHH/rpy S 1 x [0; 1]. PaccMOTpHM 
CKpyHHBaHHH ^SHa hj G stab^/ BOKpyr sthx OKpyjKHOCTen, 1 < jf < z^. KajK/joe TaKoe CKpynHBaHHe 
JJ^na npHHafljiejKHT rpynne T.e. KOMnoHeHTe cbh3hocth TOJK^ecTBeHHoro ,zn«p(peoMop(pH3Ma idjv/ b 
Diff(M,C). 3HaHHT, Bee sjieMeHTbi nocTpoeHHoro no^MHOJKecTBa {hi, . . . , h UQ } C {hi, ■ ■ ■ , hi} npHHafljie- 
>KaT rpynne fl 0/. Onpe^ejiHM no/irpynny 0jq C 0/ KaK nopojK^eHHyio ,znicpcpeoMopcpH3MaMH hi, 
1 < I < vq. 

Onucanue nocmpoenun nodzpynn @f t i,...,@f >e C (10/. PaccMOTpHM oG^eflHHeHne Bcex h;hjihh- 
,a;poB b noBepxHOCTH M\C, orpaHHHeHHbix napaMH pa3jiHHHbix OKpyjKHOCTeft H3 MHOJKecTBa {7^+1, . . . , j n } 
n He cpnepjKamnx BHyTpn ce6n ^pyrnx OKpyjKHOCTefi stoto MHoacecTBa. 3to o6 r be/nrHeHHe HBjiaeTCH jih6o 
HecBH3HbiM o6b>e,a;HHeHHeM e > HnjiHH,zrpoB, jih6o TopoM (b btom cjiynae M = T 2 , p* = q* = r* = n 
p + q + r > 1 BBH^y ()2.2p . T.e. Bee KpHTnnecKne tohkh "njiaBaioT" n no KpanHefi Mepe oflHa H3 hhx OTMe- 
neHa, a OKpyjKHOCTH 7^+1, . . . ,7 n nonapHO H30TonHbi b Tope M); b nocjie,a,HeM cjiynae nojioJKHM e = 1, 
Ui = n, h 3aMeHHM yKa3aHHoe o6b.e/];HHeHHe i^hjihh^pob Ha o^hh h,hjihh/;p, coflepjKamnn Bee OKpyjKHO- 
cth 7^+1, . .. ,7 n n orpaHHHeHHbifi ^ByMH H3 sthx OKpyjKHOCTelt, npnneM stot nnjiHH,np He co^epjKHT 
nepByio OTMeneHHyio KpnTHHecKyro TOHKy (3th ycjioBna onpe^ejiaioT rnijiHH,np o,n,H03HaHHo) . IlycTb (no- 
cjie noflxcflflmeii nepeHyMepauHH ii;hjihh/];pob Z Vq+ i, . . . ,Z n b (|3.14p n cooTBeTCTByiomen nepeHyMepau;HH 

OKpyjKHOCTeii 7^+1, . . . , 7 n ) OKpyjKHOCTH Jl, l>k-l < i < v k _ 3T0 Bce OKpyjKHOCTH B fc-OM H3 3THX e 

u;njiHHflpoB, npnneM mojkcm h 6yn;eM CHHTaTb, hto HyMepai^na OKpyjKHOCTen n,a,eT b nopa^Ke cjie^oBa- 
hhh sthx OKpyjKHOCTeft b A;-om n;HjiHH/];pe, 1 < k < e. KoMno3HHHH /i^" 1 o CKpyHHBaHHH flpua hi H 
/i^+i, B3HTbix b npoTHBonojioJKHbix CTeneHHX, npHHa/ijiejKHT rpynne npn Vk-i < I < v^., 1 < k < e. 
Ilpn 1 < k < e onpe^ejiHM no,n,rpynny Qf t k C 0/ KaK nopojKfleHHyio flH(p(peoMop(pH3MaMH hj 1 o hi + i, 
I/fc_l <i <v k . 

IToKajKeM, hto rpynna (^ o n0j)* ,a,onycKaeT pa3jio>KeHHe (|3.24p . OcTajiocb noKa3aTb, hto ^°n0j C 
0^0 x 0/,i x ••• x ®/,e- r fl, onojIHHM na6op ,n;HcpcpeoMop(pH3MOB hi, . . . ,h VQ E 0/,o ; hj 1 o G 0/,fc) 
^fe-l < ^ < v ki 1 < ^ e > fl° na6opa o6pa3yiomHX rpynnbi 0j = Z n Ha6opoM CKpynHBaHnfi ^],3Ha /ij, 
ieA = A(f), r^e 

A = A{f) ■.= {vi,U2, v e + l,v e + 2,...,n} C {l,...,n}, \A\=n-v e + e. 

IlycTb HeKOTopaa komho3hii,hh h G 0/ i;ejibix CTeneHen ,i];H(p(peoMop(pH3MOB nojiyneHHoro Ha6opa o6pa- 
3yioHi,HX npHHa^JiejKHT rpynne fl 0/. IToKajKeM, hto noKa3aTejib CTeneHH KajKfloro H3 \A\ = n — v e + e 

/],HCpCpeOMOpCpH3MOB hi, 1 € A, B 3TOH KOMnCQHHHH paBeH HyjIIO. IlpOH3BefleHHe /l 3THX n — f e + e ,n;H(p- 
CpeOMOpCpH3MOB B TeX CTeneHHX, B KOTOpblX OHH BXOflHT B KOMn03HniHO h, TaKJKe HBJIHeTCH SJieMeHTOM 

rpynnbi n / , TaK KaK OTjinnaeTCH ot hcxo^hoh komho3hh,hh h ^OMHOJKeHneM Ha sjieMeHT H3 no^rpyn- 
nbi @f : o x 0/,l x ••• x 0/,ej coflepjKamencH b @° n 0/ no nocTpoeHHio. 3HannT, h G 31° n 0/ C TaK 
KaK OKpyjKHOCTH 7j C (int M) \C, i £ A, nonapHO He nepeceKaioTCH, HHKaKan H3 hhx He orpaHnnnBaeT 
ri;HjiHHflp hjih (npoKOjioTbiii hjih HenpoKOjioTbift) Kpyr b M\C, h HHKaKne ppe H3 hhx He orpaHnnnBaioT 
ri;HjiHHflp b M\C, to CKpynnBaHHH J^3H& hi, % G A, BOKpyr sthx OKpyjKHOCTeli (paccMaTpnBaeMbie C TOH- 
HOCTbio ,n;o roMOTonnn b npocTpaHCTBe HenpepbiBHbix OTo6pajKeHnit napbi (M, C)) nopoJKflaioT no/i,rpynny 
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rpynnbi Homeo(M,C ,Ci,C2)/Homeo (M,Co,Ci,C 2 ) = 0/0° KJiaCCOB OTo6pa»CeHHH, H30M0p(pHyi0 CBO- 
6o,hhoh a6ejieBOH rpynne paHra \A\ = n — v e + e (cm., Hanpmviep, [39., JieMMa 2.1(1)] hjih |40j). HosTOMy 
noKa3aTejiH CTeneHeii Bcex /urcp(peoMopcpH3MOB hi, i £ A, paBHbi 0. 3to 3aBepinaeT ^OKa3aTejibCTBO 
pa3jiojKeHHH (|3.24D . 

IIocTpoHM cneHHajibHbie (KpnBOJiHHenHbie) KoopfliiHaTbi b Uf C Uf°, b KOTopbix CBC^o/rnoe flencTBne 
nHjiHH/rpa W 1 /Z d = R n_d x (S l ) d (cm. KOHen, niara 6) "BbinpHMjiaeTCH". IlycTb HyMepairna nnjiHH/rpoB 
Zi, . . . , Z n TaxaH »ce, KaK b (|3.24p . ^jih jiio6oro v! £ Uf paccMOTpHM 6a3HC Vi(u'), . . . , v n (u') b njiocKOCTH 
([ei]*, . . . , [e n ]*) + u' C Uf n hobbih 6a3Hc 

Vi(u') :=Vi(u'), i64U{l,...,i/ }, Vj{v!) := Vj (u') - v j+ i(u'), j £ B \{1, . . . ,u }, (3.26) 

a TaKJKe OTBenaioiHee 3TOMy 6a3Hcy pa3jiojKeHHe 

ker [Hj H^GftCfX,®)] = = W)) ieA © <«i(«')> ieB > 

r,n,e B = B(f) := {1, . . . , n}\ A. Toiyja ^jia Ka^K/ipro u' £ C/j C (t^-) 00 Jiio6oii kohhkji u = YJl=i ^jRj]* ^ 
([e|]*)" =1 HMeeT BHfl 

r^e KoopflHHaTbi X{,(fj (i G 4, j 6 B) b n-MepHoft njiocKOCTH ([ei]*, . . . , [e n ]*) + u' Bbipa»caioTCH nepe3 
Koop^HHaTbi ui, ■ ■ ■ , u n , u' n+1 , . . . , u' 2q , no (popMyjiaM 

g«= m ,o v e <i<n, = ^ fc - 1+1 + . . . + ^ fc , l<k<e, (3.27) 

« (N) « ([7^-1+1]) «(rHD 

u'(hj\) m([7^-i+i]) «([7iJ) 

3HaMeHaTejiH b BbipajKeHHax ^jih x« h nojicoKHTejibHbi, Tax KaK u' £ (Uj)°°. TaKHM o6pa30M, Ha 
MHOJKecTBe Uj° mm BBejiH rjia,a;KHe peryjiapHbie Koop/niHaTbi Xi £ R, ^ mod 1 € S" 1 = R/Z (i £ j4, 
j € B), (u' n+1 , . . . ,u' 2 g) £ Uf. B 3thx KoopflHHaTax BeKTopHbie nana vi,. . . ,v n HMeroT bwr v, = d/dxi, 
Vj = d/dcpj (i £ A, j £ 5), a MHcoKecTBa £// h S/ hmciot bh/i; 

[/ [/]isot = J// w (R A x M B ) x [/} w (R n+e x R^- e ) x = R n x U' f , 

S [fUt = S f w (R A x (5 1 ) 13 ) x [/} « (R«-^+ e x (SY e - e ) x 

OTcro^a ,n,eHCTBHe rpynnbi Q* f = Z n Ha Uf coBna^aeT c u;ejiOHHCJieHHbiMH c^BnraMH b^ojib KoopflHHaT 
Xi,(fj (i 6 A, j € i?), ^encTBne rpynnbi (^°nBj)* = Z Ve_e n&Uf coBna^aeT c i^ejionncjienHbiMH c^BHraMH 
Bflojib KoopflHHaT ifj, j £ B, a, fleiicTBHe irajiHHflpa R" 4 x (S 1 ) 3 = M. n ~ Ue+e x (S 1 ) Ue ~ e Ha coBna/i,aeT 
c ecTecTBeHHbiM flencTBneM i^njinH^pa c^BHraMH no ce6e. HTaK, mm BBejin Ha Sf := Uf/(@° fl 6/)* 
CTpyKTypy CTaH^apTHoro yTOJimeHHoro u^umnflpa (cm. onpe jejieHHe [2T3]l . 

IToflMHOJKecTBa Uf C C HHBapnaHTHbi OTHOCHTejibHO npaBoro fleftcTBHH rpynnbi (stab^o/)* C 
Aut(Hj) Ha a ncflrpynna (^°n0/)(stab^o/)° HopMajibHa b stab^o/, r,a,e nepe3 (stab^o/) o6o3Hane- 
Ha no^rpynna rpynnbi stab^o/, cocToam;aH H3 Bcex ,n,H(p(peoMop(pH3MOB noBepxHOCTH M, coxpaHHioni,HX 
(pyHKII,HIO / H TOMOTOnHblX iCiM B KJiaCCe rOMeOMOp(pH3MOB M, coxpaHHiomnx (pyHKipiio /. IlosTOMy 
HMeeTCH HH^yinrpoBaHHoe npaBoe ^elicTBHe flHCKpeTHoii rpynnbi 

r [/W t = r / : = (stab^o/)/((^° n 9/Xstab^/) ) (3.28) 

Ha npocTpaHCTBax op6nT Sf = Uf/(@° fl Of)* n Sj° = Uf°/(3$° fl Of)*. TaK KaK flencTBne rpynnbi Of 
Ha Hf TpHBnajiBHo (nocKOJibKy He nepecTaBjiaeT ce,n;jioBbie KpHTnnecKHe tohkh), HMeeM TaKJKe HH^yn;H- 
poBaHHoe npaBoe ^encTBHe rpynnbi Ha MHororpaHHHKe Df (cm. mar 2). 
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JleMMa 3.2. Ecjiu eunoAneno ycAoeue (|2.2p . mo undyv^upoeaHHoe noKOMnoHenmHoe npaeoe deilcmeue 
jiw6ozo du(fi(f)eoMop(fiu3Ma h £ stab^o/ na npnMOM npou3eedenuu 

D f xS f = r JW)) x [U f /(9° n 6/)*) « r J(c(/)) x (V^ x (S 1 ) 3 ^ x ^) (3.29) 

neAHemcn donycmuMUM aemoMopg3u3MOM cmandapmHou vxiAundpuuecKou pyunu (cm. onpeae.iieHHe l2.3lT j)), 

/joKasamejibcmeo. IlycTb jijih onpeflejieHHOCTH OKpyjKHOCTH 7^ C Zi onpe^ejieHbi ycjiOBiieM f{ji) = 
I (sup f\z e + inf f\z e )- Torjj,a jik>6oh ,a,H(p(peoMop(pH3M h € stab^o/ HHJxyuiipyeT nepecTaHOBKy Ha mho- 
»cecTBe oKpyjKHocTen jg, 1 < £ < n = n(f). Tlpn stoh nepecTaHOBKe KajK^aa oKpyjKHocTB Ju +i, ■■■ >7n 
nepexo/iHT b ce6a (cm. jjpKasaTejibCTBO jieMMbi [331 inar 1). To ecTb, nepecTaBjunoTCH TOjibKO OKpyjKHOCTH 
7£, £ G {1, . . . , z/o} C -B(/) (n OTBenaioinHe HM BeKTopHbie nojra vg), a cooTBeTCTByioinaH nepecTaHOBKa 
7r € £ TpiiBHajibHa (cm. onpe/i,ejieHHe 12.3( A)). Ecjih TpnBHajibHbi TaKJKe cooTBeTCTByiomHe aBTO- 
Mop(J)H3Mbi MHororpaHHHKOB b: Dj —J- Df, a: U'f — > U'f n nepecTaHOBKa p € to /i nepeBO/XHT b 

ce6a KajKfloe ce/ijio, KajK^oe opneHTHpoBaHHoe pe6po rpacba Gf,n Ka»cjxyio OKpyjKHOCTb 7^, a noTOMy 
npHHa^jiejKHT (S? H 0j)(stab^o/)°, OTKy^a ero fleiicTBHe Ha Df x coBna^aeT c TOJKaecTBeHHbiM oto6- 
pajKeHHeM. Ecjih aBTOMopcpH3M MHororpaHHHKa b: Df —■ Df TpHBHajieH (hto paBHOCHjibHO TOMy, hto h 
nepeBO/iHT Ka»cjj,oe ce,zijio b ce6n), to nepecTaHOBKa p € £^g(j)| OKpyjKHOCTeit 7^ TOJKe TpHBHajibHa, TaK KaK 
b npoTHBHOM cjiynae h HeTpHBHajibHO fleiicTByeT Ha H\{M); TpHBHajibHOCTb aBTOMopcpH3Ma a 2 : UL — >■ Iff 
cjie/ryeT H3 Toro, hto h? nepeBO/niT KajK/],oe pe6po rpacba Gf b ce6a. IlycTb Tenepb aBTOMopcbH3M MHo- 
rorpaHHHKa a: U'f —■ U'f TpHBHajieH . IloKajKeM, hto aBTOMopcbH3M MHororpaHHHKa b: Df — )• Df Tome 
TpHBHajieH . Ecjih KOJinnecTBO ceflJiOBbix 3HaneHHH s(f) > 1, to U'f hbjihctch {2q — n(/))-MepHbiM mho- 
rorpaHHHKOM, nosTOMy H3 TpHBHajibHOCTH aBTOMopcbH3Ma a: U'f — >• U'f cjie/xyeT, hto h nepeBO/XHT b ce6n 
KajK/j;oe pe6po rpacba Gf, a noTOMy h Ka»c/j;oe ce/j;jio, OTKy/ra b: Df — > Df TpHBHajieH. Ecjih s(f) = 1, to 
no jieMMe [23] HHJKe OTo6pa»ceHHe h nepeBO/iHT b ce6a xoth 6bi o,h;ho pe6po rpacba Gf (a noTOMy h Kanc- 
/j;oe ero pe6po BBHjj,y cbh3hocth rpacba Gf, a noTOMy h Ka>K,a;yio cejj;jioByio TOHKy) , OTKyn,a aBTOMop<bH3M 
b: Df — > Df TpHBHajieH. TaK KaK aBTOMop<bH3M b: Df — > Df HBJiaeTCH orpaHHHeHHeM aBTOMopcbH3- 
Ma MHororpaHHHKa V Q f~ l , HH,i];yLi;HpoBaHHoro nepecTaHOBKoft Koop^HHaTHbix oceft, to no jieMMe [3~T1 oh 
/j,onycTHM. JleMMa I3T21 joKa3aHa. □ 

LUaZ 8. H3yHHM B3aHMOCBH3b yTOJimeHHblX I^HJIHHJJ^pOB S[/] isot , S[g] isot flJ 13 npHMBIKaiOHI,HX KJiaCCOB 
H30TOnHOCTH [/]isot ~> [5]isot- IlyCTb / E F 1 — OTMeneHHaH (byHKI^HH Mopca KJiaCCa H30TOnHOCTH [/]i S ot- 

jiio6oh rpaHH t' -< Tj( c (^)) =: -D[/] isot = Df o6o3HanHM nepe3 g € F 1 OTMeneHHyio cbyHKHHio 
Kjiacca H30TonHocTH 5 T '[/]isot (cm. (|3.3p ) n cbHKcnpyeM /j;ncbcbeoMopcbH3M hfy G 3>° KaK b (|3 . 3|) h (|3.4p . 

PaCCMOTpHM HH,a;yH,HpOBaHHbIH H30MOpcbH3M 

BeKTopHbix npocTpaHCTB , aHajiorHHHbiH H30MopcbH3My hf T , : Hf — > Hg H3 ([3.4p . ,U,oKajKeM BKjnoneHHH 

h* ftT ,(Uf)cU g , h* fy (U3°)cU™. (3.30) 

blyCTb, KaK H BblHie, S = s(f) - KOJIHHeCTBO CeflJIOBblX KpHTHHeCKHX 3HaneHHH cbyHKi^HH /, h k := q — s 

— pa3MepHOCTb MHororpaHHHKa Df (cm. marn 1, 2). C yneTOM onpe/^ejieHHH Uf C Uf° C Hj (cm. (|3.12p . 
()3.13p ). HaM /^ocTaTOHHo noKa3aTb, hto conpHJKeHHbiit k H30MopcbH3My h*f T , H30MopcbH3M (/i/, T ')* : Hg,l = 
Hi(M \ (Cgfi U C 9i 2), M) — > H\{M \ (Cf : o U Cf^), Cf,x', R) = Hf i nepeBO^HT roMOJiornnecKHH Kjiacc 
jiio6oro opneHTHpoBaHHoro pe6pa rpacba G g b cyMMy roMOJiornnecKHX KjiaccoB HeKOTopbix opneHTHpo- 
BaHHbix pe6ep rpacba Gf (cm. onpe,a,ejieHHe rpacba Gf b o6o3HaneHHH [23]) . h hto KOJinnecTBO 3thx pe6ep 
Bcer,ii,a < 2k + 1. 

06o3HanHM nepe3 C g KOMnoHeHTy cbh3hocth rpacba G g , b KOTopoit jiejKHT paccMaTpHBaeMoe pe6po 
rpacba G g . ^onojiHeHHe rpacba Gf b noBepxHOCTH M pacna/j;aeTCH Ha "oTKpbiTbie n,HjiHHflpbi" Zg(f) ~ 



18 



S 1 x (0; 1), 1 < £ < n = «([/]), "nojiyoTKpbiTbie iiHJiHHflpH" S 1 x [0; 1) h oTKpbiTbie Kpyrn, coflepxcainne 

POBHO O^Hy KpiITHHeCKyiO TOHKy MHHHMyMa HJIH MaKCHMyMa CpyHKHHH /. rio3TOMy HMeeTCH peTpaKHHH 

Qf : Mj : = (M \ (C /i0 U C/, 2 )) \ 7 ^(/) j -)• G/, 

rfle 7^(/) = /S 1 x {^} C Z^{f). Bojiee tohho, onpe^ejinM 3Ty peTpaKinno Tax, hto6m OHa nepeBOflnjia 
jno6yio TOHKy noBepxHOCTH M'f b TOHKy nepeceneHHH npoxo/rameH nepe3 Hee HHTerpajibHoii TpaeKTopiiH 
BeKTopHoro nojia grad/|jif/ ( B cMbicjie HeKOTopoft cpHKcnpoBaHHOH piiMaHOBofi MeTpHKH cisg Ha M) c 

rpacpoM Gf. Be3 orpaHHneHHH o6ih;hocth mm TaKJKe 6ya,eM cnHTaTb, hto cpyHKnna / h flHcpcpeoMopcpH3M 
h *TB onpe^ejieHHH /iHcpcpeoMopcpH3Ma hf )T ' (cm. (|3.4p ) CTponjincb Tape: cpHKcnpyeM nonapHO Henepe- 
ceKaiomHecH Kpyrn BOKpyr ce/yioBbix ToneK cpyHKinin f £ F 1 m noTpe6yeM, HTo6bi b KaJK^OM H3 hhx 
/ = / + const, h hto6m h Q ,.j = idM n cpyHKnna / € -F 1 6bijia nonyneHa npn noMomn C 2 -Majioro 
B03Myni;eHHa cpyHKnnn /. Tor^a hf >T i(G g ) C M'f, npnneM oto6p a JKeHiie 

Pf,r> ■= Qj ^/.r'lcg : Cg^-Gj (3.31) 

HBjitfeTCH norpyjKeHHeM rpacpoB, nepeBomiT mhojkcctbo BepniHH Ha mhojkcctbo BepuiHH corjiacHO 6neK- 

ihih /i/ jT '|c 9 : C 5 — > Cf h coxpaHHeT opneHTainno pe6ep. OTcro^a nojiynaeM, hto p/, T ' nepeBOflHT jiro6oe 

opneHTHpoBaHHoe pe6po rpacpa G g b opneHTnpoBaHHbin nyTb Ha rpacpe Gf, opneHTaunH KOToporo co- 

rjiacoBaHa c opneHTannen pe6ep rpacpa Gf. 

OcTajiocb noKa3aTb, hto ^jiHHa yKa3aHHoro nyTH Ha rpacpe Gf (r.e. KOjinnecTBO npoxo^HMbix stem 

nyTeM pe6ep rpacpa Gf) He npeBocxoflHT 2k + 1. IlycTb Cf - KOMnoHeHTa cbh3hocth rpacpa Gf,B KOTopoii 

jiejKHT paccMaTpHBaeMbifi nyTb. Tpacp Cf HMeeT He 6ojiee k + 1 BepmnHbi (TaK KaK hhcjio KOMnoHeHT 

cbh3hocth rpacpa Gf He MeHbnie neM s = q — k), a noTOMy oh HMeeT He 6ojiee 2k + 2 pe6ep. Ho Hame pe6po 

HBjineTCH co6cTBeHHbiM no,n;rpacpoM rpacpa C g , a noTOMy Ham nyTb HBjiHeTCH co6cTBeHHbiM no^rpacpoM 

rpacpa pfy(C g ) C Cf. TaK KaK rpacp Cf HMeeT He 6ojiee 2k + 2 pe6ep, Hani nyTb HMeeT He 6ojiee 2k + 1 

pe6ep, hto h Tpe6oBajiocb. 3to 3aBepniaeT flOKa3aTejibCTBO BKinoHeHHH (|3.30p . 

1 — i 

H30M0pcpH3M h% T , : Hj > Hg HH^yi^HpyeT H30MOpCpH3M 

h fy : Aut(flJ) ^ Aut( J tY 5 1 ), h* H- h* fy h* (h^y)- 1 , h* e Ant(Hj). 

PaCCMOTpHM BJIOJKeHHe MHOJKeCTB OKpy^KHOCTeft {7^(/)}/ = i'i {7m(5 , )}m=li COnOCTaBJIHK)HI,ee OKpyjK- 

hocth Ji(f) OKpyjKHOCTb J m (fy(g), TaKyio hto /ij^/( 7 ^(/)) C Z m (^(g). Tor,a,a pjw KajK^oro BeKTopHoro 

nojin ve(f) Ha Hj (cm. (|3,16p h (|3.23j) ) BbinojmeHo {h*f T , )*(ve(f)) = v m ^(g). OTciofla hfy(Q*f) C 0*, a 
noTOMy 

h f , T >((®°n@f)*) c (f°ne 9 )*. 

IlosTOMy Bjio>KeHHe h*f T ,\u f : Uf U g (cm. (|3.30p ) HH r zi,yn,HpyeT KoppeKTHO onpe^ejieHHoe OTo6pa»ceHHe 

npOCTpaHCTB Op6HT 

[h* f y\u f ]: Uf/(@ o ne f )*^u g /(@ n@ g y, (3.32) 

HBjiiHon^eecn norpyjKeHHeM yTOJimeHHbix nHjiHHflpoB (TaK KaK rpynna 0^ ^eitcTByeT cbo6o/i;ho h ppc- 
KpeTHO Ha Uf, cm. ruarn 6 n 7). 

^OKajKeM, hto norpyjKeHne (I3.32p yTOJimeHHbix nnjiHH,apoB hbjihctch flonycTHMbiM (cm. onpeflejie- 
HHe (231(D)). H3 (/ij r ,)*(vf(/)) = v m (£)(g), 1 < £ < n, (|3.26|) h onncaHHa no^rpynnbi 6/^ Cf°n6/ 
(cm. mar 7) cjie^yeT, hto npn Vk-l(f) < j < u k(f)i 1 ^ k < e(/), BbinojmeHo 

( h *f,T>)*(vj(f)) = ( h }y)*(vj(f) - Vj+i(f)) = v m{j) (g) - v m{j+1) (g) 
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= (v m (j){g) - v m (j) +Vk (g)) + {v m (j) +Vk {g) - v m (j)+2 Vk (g)) + ■■■ 

= Vk(v m (j)+( Vk -l)/2(g) +V m (j)+(3 Vk -l)/2(g) + ■■■ +V m (j+l)-(l+ Vk )/2(g)), 

r/j;e rjk = g) '■= sgn(m(^ — 1) — m(ffc)). OTciojj,a cjie/xyeT, hto npn BjiojKeHHH h*j T ,\u f : Uj U g 
KOMMyTHpyiomHe BeKTopHbie nojia (a) Vi(f), i £ A(f), (b) Vj(f), j € B(f), Ha Ut (iiotokh KOTopbix 
3a/i;aioT CBo6o/iHoe .aeftcTBne rpynnbi n&Uf m cBo6o/iHoe aeftcTBne munm#pa M" 4 ^ x (S 11 )- 8 ^ 

Ha Uf/(@° H 6/)*) nepexo/j,HT b cjie/xyioinHe BeKTopHbie nojra Ha U g : 

(a) v m ^(g) (npn i/ e (p) < m(i) < n(g)) hjih v m(i) (5) + v m @ +1 (g) + . . - + v Ut{g) (npn z/ t _i(#) < m(i) < 
vt(g), l£t<e{g)), 

(b) U m (,-)(5) (npH 1 < j < Vo(f)) m^m(v m (j) + ( Vk -l)/2(g)+V m ( j ) + ( Vk - 1 )/2 +Vk (g) + - ■ ■+V m (j+l)-{l+r lk )/2{g)) 

(npn i/ fe _i(/) < j < v k (f), 1 < k < e(/)), 

npHHeM KajK,a,oe nojie v m (g), 1 < m < n(g), bxojiht b KanecTBe cjiaraeivioro (c KoscpcpHHHeHTOM ±) hc 
6ojiee neM b ojiho H3 nojieit (h*j T ,)*(vi(f)), 1 < £ < n(f). 

H3 onncaHHoro noBe/j;eHHH BeKTopHbix naiieft vg, 1 < £ < n, npn norpysceHHH (|3.32p cjie/xyeT, hto sto 
norpyjKeHHe HBjraeTcn /jpnycTHMbiM norpy»ceHHeM yTOJimeHHbix nnjiHH/jpoB (cm. onpejejiemie I2.3T D)). 

3.3 IIoCTpOeHHe KOCOH II,HJIHH,Z],pHHeCKOH pyHKH D^j flJIH KJiaCCa H30TOIIHOCTH [/]i S ot 

ZZ/ag 3. PaccMOTpHM cTaHjj,apTHyio irnjinH/jpHHecKyio pynicy -D[/] isot x §[/] isot = Df x Sj = Tjr c rf\\ x 
(Uf/(£#° H ©/)*) h noKOMnoHeHTHoe npaBoe aeftcTBne Ha Heft /iHCKpeTHoft rpynnbi 

r [/]isot = I> * f ;/ (((0° n e / )(stab^o/) )/( S tab^o/) ) , 

r [/Wt = r / := (stab^o/)/(stab^o/)°, (3.33) 

flOnyCTHMMMH aBTOMOp(pH3MaMH (cM. ([3.28P H JieMMV l3T2"j) . IloKaJKeM, HTO 3TO ^eftCTBHe (a TaKJKe fleft- 

CTBHe rpynnbi Tj Ha cbo6o/jho. ,U,OKajKeM ppe jieMMbi. 

JleMMa 3.3. Ecjiu eunoAHeno ycAoeue (j2.2j) . mo 3ah aw6ozo ducfi(fieoMop(f)U3Ma h 6 stab^/ Haudemcn 
pe6po zpacfia Gf (cm. o6o3HaneHHg |2~2T B) n !2.5p . nepexodnw ) ee e ce6R npu omo6paMceHuu h. 

/^OKasameAbcmeo. Illaz 1. IlycTb Wf - rpacp KpoHpojj,a-Pn6a cpyHKiniH / (cm. |41) hjih |16|). T.e. rpacp 
Wf nojiyneH H3 noBepxHOCTH M CTSirHBaHHeM b Tonicy KajK/j;oft KOMnoHeHTbi cbh3hocth jihhhh ypoBHH 
(pyHKH,HH /. 06o3HanHM Hepe3 pf : M — > Wf ecTecTBeHHyio npoeKii;Hio. BepniHHy rpacpa Wf Ha30BeM c$e- 
puHecKoil, ecjiH npoo6pa3 /j;ocTaTOHHO Majioft ee OKpecTHOCTH npn OTo6pa>KeHHH pf roMeoMopcbeH ccpepe 
c npoKOjiaMH. BepuiHHy rpacpa Wf Ha30BeM zpanuuHou (cooTBeTCTBemio omMeueHHOu) , ecjiH ee npoo6pa3 
npn OTo6p a JKeHHH p f HBjiaeTCH KOMnoHeHToft Kpan M (cooTBeTCTBeHHO co/j;epjKHT OTMeneHHyio KpHTHne- 
CKyio TOHKy (pyHKii^HH /). ITojj,rpacb rpacpa Wf Ha30BeM stabf f -nenodeuwcHUM, ecjin npn aBTOMopcpH3Me 
Pf o h o pj 1 rpacpa Wf, HH/j,yii;HpoBaHHOM jno6biM /4H<pcpeoMopcpH3MOM h € stabj-/, jno6aH Bepnnnia h 
jno6oe pe6po 3Toro no/rrpacpa nepexo^HT b ce6a. 06o3HannM nepe3 Wi MHHHMajibHbift CBH3Hbift no/j;rpa(b 
rpacpa Wf, cojj,ep>KaiHHft Ka>K/j,bift npocToft hhkji rpacpa Wf, KajK/j;yio rpaHHHHyio BepniHHy, KajKjjyio ot- 
MeneHHyio BepniHHy h KajK/j;yio HeccpepnnecKyio BepuiHHy. Oh HenycT n co/j;epjKHT HerpaHHHHyio BepniHHy 
b CHjiy (I2.2p . IloKajKeM, hto no/j;rpacp W't HBjineTCH stabT-Z-HenoflBHiKHbiM. IlycTb h € stabj-/. Tax KaK h 
coxpaHHeT HenoflBHJKHbiMH Bee OTMeneHHbie KpHTnnecKHe tohkh cbyHKn,HH / h nepeBOflHT b ce6n Ka»c/j;yio 
KOMnoHeHTy Kpan, to Bee OTMeneHHbie BepmnHbi h Bee rpaHHHHbie BepmnHbi stab7-/-Heno/j,BH>KHbi. BBH/xy 
h £ T HH/j,yn;HpoBaHHbift aBTOMopcpH3M roMOjiornft h* G H\(M) (cm. o6o3HaneHHe 12.2T B)) coBna/j;aeT c 
TOJK/j,ecTBeHHbiM, nosTOMy KajK/j,aa HeccpepHnecKan BepniHHa v G Wf HBjiaeTCH stab7-/-Heno/j,BHJKHoft, a 
Ka»cjj;bift npocToft ii,hkji Ha rpacpe Wf nepexpnnT b ce6a c coxpaHeHHeM opneHTannH npn OTo6paJKeHHH 
PfohopJ 1 . Ecjih nepeceneroie flByx npocTbix ii,hkjiob HenycTO n cbh3ho, to oho stabT-Z-HenoflBHiKHO, no- 
3TOMy TaKne n;nKjibi stab7-/-Heno,Z];BHJKHbi. IlosTOMy Ka»c/j;an KOMnoHeHTa cbh3hocth o6b.eflHHeHHH npo- 
CTbix ii,hkjiob, He HBjiJiioni,aHCH npocTbiM i;hkjiom (hjih co/j,epjKam;aH HeccpepHnecKyio hjih OTMeneHHyio 
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BepniHHy), stab7-/-Heno,a,BHJKHa. IlycTb W'j C Wf — o6T>e;xHHeHHe Bcex npocTbix hhkjiob, MHOJKecTBa 
HeccbepHHecKHX BepniHH h MHOJKecTBa OTMeneHHbix BepiniiH rpacba Wf, h nycTb npocTon nyTb b rpacbe 
Wf coe^HHaeT jxBe KOMnoHeHTbi cbh3hocth rpacba W'J n nepeceKaeTca c W'J TojibKo b KOHnax. TaKon nyTb 

e^HHCTBeH (flJiH (pHKCiipoBaHHOH napbi KOMnoHeHT), a noTOMy stab7-/-HenojTBH)KeH (b cnjiy pf oh °P~f l - 
HHBapiiaHTHocTH nojirpacba WJ). OTciofla cjiejxyeT stab-T-J-HenojiBHJKHocTb nojirpacba Wf. 

IHae 2. IlycTb M' C M — npoo6pa3 Majion cbh3hoh OKpecTHOCTH BepniHHbi v G Wf npn OTo6pajKe- 
hhii p f : M -> Wf, o6o3HaHHM c := fipj 1 ^)). IlycTb h G stab r /, h(M') = M' , h cymecTByeT cejijioBaa 
KpHTHHecKaa TOHKa b M' , He HBjriiioinaHCH HenoflBHJKHofi npn h. IlycTb 3aMKHyTan noBepxHOCTb M' 
nojiyneHa H3 M' CTnrHBaHneM b TOHKy KajKnpn KOMnoHeHTbi Kpaa M', h h: M' — > M' — HHJxyinipo- 
BaHHbiit roMeoMopcpH3M. Be3 orpaHnneHHH o6ihhocth 6yn;eM cnHTaTb, hto orpaHHneHHe h Ha Ka»cjiyio 
/i-HHBapnaHTHyio KOMnoHeHTy cbh3hocth M'\f~ l (c), roMeoMopcpHyio (S 1 x (c; c + e])/(S 1 x {c + e}), hb- 
jiaeTCH noBopoTOM BOKpyr tohkh S 1 x {c + e} (no OTHOineHHio k ecTecTBeHHbiM "nojinpHbiM" KoopniiHaTaM 
b (S 1 x (c; c+e])/(S' 1 x {c+e})), Tor/ja 3Ta Tonxa HBjiaeTcn eniiHCTBeHHon HenojiBHJKHOH tohkoh b jj,aHHon 
KOMnoHeHTe. Tax KaK h HHjjynnpyeT TOJKnecTBeHHbin aBTOMopcpH3M roMOjiorHH H\{M') (BBH/ry h G T), 
h Bee ero Heno/XBH^KHbie tohkh HMeioT HH^eKC +1, to no cbopMyjie Jlecbineija KOJinnecTBO HenonBHJKHbix 
ToneK paBHO %(M'). 

LUaz 3. BepniHHy rpacba Wf Ha30BeM cuAbno stab-j- f -UHeapuanmHou, ecjin ee CTeneHb b rpacbe Wf 
6ojibine 1 h npn jiio6om jj,ncbcbeoMopcbH3Me h G stabj-f KajKnaa BepniHHa h KaJK^oe pe6po rpacba 
p~f l {v) C Gf nepexo/THT b ce6a. ^OKaxceM, hto b Wf cymecTByeT chjibho stab7-/-HHBapnaHTHaH Bep- 
niHHa. Ecjih BepniHHa v G Wf He HBjiaeTca cnjibHO stabf /-HHBapHanrHon, to jih6o ee CTeneHb b Wf 
paBHa 1, jih6o HaftjreTCH TaKon jjncbcbeoMopcbH3M h G stabf/, hto KOJinnecTBO HenojxBHJKHbix Tonex co- 
OTBeTCTByiom;ero HHjjynnpoBaHHoro roMeoMopcpH3Ma h : M' — > M' (cm. ruar 2 Bbime) corjiacHO cbopMyjie 
Jlecbineira paBHO x(M') h He MeHbme cyMMbi k v + deg^v v nncjia k v OTMeneHHbix KpHTnnecKnx Tonex b 

pj (v) h cTeneHH deg^/ v BepniHHbi v b rpacbe Wf (T.e. x(M') > k v + degyy/ v > 0), oTKy^a BepniHHa v 
HBjiaeTCH ccbepnnecKOH h k v + deg^j v < 2 (Tax KaK b npoTHBHOM cjiynae x(M') = k v + deg^ v = 0, 
OTKya;a = {f}, M — Top n Bee KpnTHnecKHe tohkh HeoTMeneHbi, hto npoTHBopenHT (|2.2p ). Ecjih Bee 
BepniHHbi rpacba Wf He hbjihiotch chjibho stab7" /-HHBapnaHTHbiMH, to no /i,OKa3aHHOMy Bbinie KaJKflaa 
BepniHHa v G W'f ccpepnnecKaH n jih6o HMeeT CTeneHb 1 b Wf, jih6o nivieeT CTeneHb deg^// v < 2 — k v < 2 
b Wf, OTKyja;a rpacb Wf HBjiaeTCH npocToii jioMaHoli, Bee ero BHyTpeHHHe BepniHHbi HeoTMeneHbi (TaK KaK 
k v = b cjiynae deg^// v = 2), a cyMMa 3HaneHnn k v ^Jin KOHii,eBbix BepuiHH v G dWt, He hbjihk)ui,hxc5i 

rpaHHHHbiMH, He npeBocxoflHT 2 — ci + — = x(M) (t&k KaK k v < 1 npn deg^// u = 1, h fc„ < 2 npn 
deg^// f = 0), OTKyaa o6u;ee KOjinnecTBO OTMeneHHbix KpnTHnecKHX ToneK < x(M), hto npoTHBopenHT 
(|2.2|) . JleMMa [231 A° Ka3aHa - D 

JleMMa 3.4. Jlycmb eunojineno ycjioeue (|2,2p , Ilycm'b cpyHKi^uji Mopca f £ F 1 , KJiacc omHOCumeJibHux 
1-kosomoaosuu u G Uf°, ducfxfieoMopcpusM h G stabf / (cm. o6o3HaneHHe E2{B)) u MyAbinucKpyuueaHue 
JJaua hi G 0/ ydoejiemeopnwm ycAoeum h*(u) = h\{u). Tozda hh^ 1 G (stab^o/) , cm. (13.281) . 

/joKasamejibcmeo. Ho jieMMe 13.31 HanjreTCH pe6po rpacba Gf, nepexonfnnee B ce6n npn OTo6pajKeHnn 
h. nycTb Cf — KOMnoHeHTa cbh3hocth rpacba Gf, coflep»cam,aH sto pe6po, h nycTb Zi — OTKpbiTbiii 
i;HjiHHflp, oflHa H3 KOMnoHeHT rpaHHiibi KOToporo (cKajKeM, HHJKHee ocHOBaHne d~ Zg) HMeeT o6m,ee pe6- 
po c rpacboM Cf (cm. (|3.14p ), Tor^a jno6oe pe6po rpacba Cf U d~ Zi n nnjnnijxp Zi TOJKe nepexo/i,HT 
b ce6a npn OTo6pajKeHnn h. TaK KaK nyra eg,hi(eg) C Zi BbixonnT H3 o^hoh h toh JKe tohkh (npn- 
Ha,iiJie>KaH];eH d~Zi), to 1-uenb h(et) — hiieg) roMOJiornnHa HeKOTopolt jiHHefiHOH KOM6nHaii;HH Y^aLi ^i e i 
opneHTHpoBaHHBix pe6ep ocHOBaHHH d + Zi c ii;ejibiMH KOBcbcbni^neHTaMH, npHneM Bee KoacbcbHinieHTbi Aj 
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jih6o HeoTpiin;aTejibHbi, jih6o HenojioJKHTejibHbi o,a,HOBpeMeHHO. Ho 

2q 

X)^«([e<]) = w([^(e/)] " Mh)]) = (h*(u) - («))(&]) = 
i=i 

no npe^nojio»ceHHio. TaK Kax 3HaneHHe 1-KOHHKjia u G Ha Kaxc^oM opneHTHpoBaHHOM pe6pe 
ei,---,e2 g C nojiojKHTejibHO (cm. (|3,13p ). to jiHHeimaH KOM6nHaHHH TpHBHajibHa. 3HaHHT, [fo(e^)] = 
[/ii(eQ)], oTKyfla hhT roMOTonHo icbjj b Kjiacce roMeoMopcpH3MOB, coxpaHHioiinix cpyHKinno h 
nepeBOflHiinrx BepniHHBi rpacpa dZi b ce6a. 3th paccyjKfleHHH noKa3BiBaiOT (c HcnojiB30BaHHeM cbh3hocth 
M), hto hh^ 1 G (stab^o/) . JleMMa ,n;oKa3aHa. □ 

B CHjiy (|3,28p h jieMMBi [3^1 rpvnna Tf fleiicTByeT cboGo/hto Ha yTOJimeHHOM HiijiHH/rpe St = Uf/(@°r\ 
O/)* , nosTOMy OHa fleiicTByeT cbo6o,hho Ha CTaHflapTHoii HHjiHH/rpHHecKOH pynxe Df xSf flonycTHMbiMH 
aBTOMop<pH3MaMH (cm. jieMMV [3?2]) . a noTOMy KOHeHHa (cm. onpeiiejieHHe l2.3T B)). 3HaHHT, npocTpaHCTBO 
op6nT 

ro [/] isot = B / : = ( D f x § /)/ r / « (^(cCfl) x U f)/ F f ( 3 - 34 ) 
HBjineTCH CTaH,a,apTHOH kocoh i^HjiHH^pHHecKOH pyHKoit (cm. fj3 . 33j) h onpeaejieHHe I2.3T C)). 

IUaz 10. H3yHHM B3aHMOCBH3b CTaH,a;apTHbix kocmx HHjiHH/raHHecKHX pyneK B?a .Dfj flJia npn- 

1/ J isot Lyjisot 

MbiKaiom,HX KjiaccoB h30tohhocth [/]i S ot [5] isot- riycTb f £ F 1 — OTMeneHHaH (pyHKiniH Mopca Kjiacca 
H30TonHOCTH [/]i so t- A- 1151 JHo6oii rpaHH r' -< Tj( c (f\\ = D[f] isot = Df o6o3HaHHM nepe3 g G F 1 OTMeneHHyio 
cpyHKHHio Kjiacca h30tohhocth [g]i so t = &r'[/]isot ( CM - (|3-3p ). PaccMOTpHM norpy>KeHHe 

/i}° T ,| r / x [h* f)T ,\ Uf ] : t'xSj^DjX S g , (3.35) 

(c (3° n e,)*^)) -> (^(c), (3° n e,)*/^)) , 

HBjiHiomeecH npHMbiM npoH3Be/i,eHHeM H30MeTpHH (|3.6p eBKjiHflOBbix MHororpaHHHKOB h ,n;onycTHMoro 
norpyjKeHHH ([3.32|) yTOJimeHHbix hhjihh/tpob, T.e. ,a;onycTHMbiM norpyjKeHHeM CTaH,a,apTHbix hhjihh/iph- 
necKHX pynex (cm. onpeaejieHHe 12 . 3T D) ) . PaccMOTpHM op6nTy rpaHH t' C dDf npn fleftcTBHH rpynnbi Tf 
(cm. (|3.33p ) H30MeTpHHMH MHororp aHHHKa Df,n cjieayioiHHe aBa o6T>e,n;HHeHHH ero rpaHeft: 

F f (T>) := |J h*\r>) C |J r[ =: [s]i8Ot % ]i8Ot = (3.36) 

/lestabg.o/ * T /[/]isot=[ff]i8ot 

cm. (|3.3p . BKjnoHemie b ()3.36p cjieayeT H3 toto, hto <5h*°(T')[/]isot = [<7^]isot = [<?]isot BBH/ry BKjnoneHHH 
h G S>° . HTaK, (flonycTHMbie) norpyjKeHHH, OTBenaioHnre 9thm rpaHHM, HMeioT oflHy h Ty me o6jiacTb 
3HaHeHHii - CTaH/i,apTHyio nruiHHapHHecKyio pyHKy D g x E g . JIio6bie ^Be TaKHe rpaHH jih6o coBnaflaioT, 
jih6o He nepeceKaioTCH b cnjiy jieMMbi 13.11 PaccMOTpHM norpy»ceHHe, cocTaBjieHHoe H3 (flonycTHMbix) 
norpyjKeHHlt sthx rpaHeli: 

{dgDf) x S/ «H Dg x S B , (c, {a? n Of ) * («) ) ^ (hf T[ {c),{9° nQg)*hl T[ {u)) , 

(c, u) € r[xUf. 3to OTo6pajKeHHe KoppeKTHO onpeflejieHO (h hbjihctch norpyjKeHHeM) , Tax KaK rpaHH r{ € 
[/] isot) (M isot) nonapHO He nepeceKaioTCH (cm. Bbirue). Oho nepeBO,a,HT jno6yio rj-op6HTy b HeKOTopyio 
r s -op6HTy, Tax KaK BBH/ry <j3.9|) fljia jno6oro h G stab^o/ tohkh (c,m) G t{ x [/j- h (h*° (c) , h* (u)) G 
(A*°(r{)) x C7y nepexo^HT b sjieMeHTbi (/ij.° r , (c), (^° n Qg)*h*^ r , (u)) h 

(^»o K) /j*°(c), (^° n e fl )*ft* fcrt)(7l) fc*(«)) = (h{°h* f ° T ,(c), (#> n e 9 )*^^ r ,(u)) o^hoh h tou ^ r r o P - 

6htm, r,n,e hi G stab ^05. ITosTOMy sto norpyaceHHe HHflyn,HpyeT KoppeKTHO onpeflejieHHoe norpy»ceHHe 
npocTpaHCTB op6nT: 

X[f] isot ,[9Uo t = Xf,g- ((d g Df) x S f ) /T f «H x S ff )/r ffI 
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r f (c,(&°nQ f )*(u)) ^r s (^(c),(^ne s r^ T! ( u )), ( c ,«) g r( x c/y, 

r/j;e [gjisot = <5 T ^[/]isot ( CM - (|3.3p ). (Oho HBjiaeTca norpysceHHeM, TaK KaK rpynnbi Tf,T g KOHeHHbi h 
fleficTByioT cbo6ojxho.) PaccMOTpHM ero orpaHHHeHHe: 

(*) 

X[fUot,T> = Xf,r< ■= X/,al((r / (r'))xs / )/r / : (( r /( r 0) x §/) A7 « x §/) AV « 

« (r' x /f /)T , <H Bg w = Og* = (A, x S 9 )/r 3 « (D 9 x f/ 9 )/f 5 , 

f /)T ,(c,u) ^f g (^° r ,(c)>} )T ,(n)), (c,u) G t' x [7 /5 

r /)T , := Tfy/ (((<2° n e / )(stab^o/)°)/(stab^o/)°) , f /)T , := stab^r', 

r/j;e roMeoMopcpH3M (*) cjie/xyeT H3 toto, hto npii h G stab^o/ rpaHH r / ,/i*°(r / ) jih6o coBnanaioT, jih6o 
He nepeceKaioTCH (cm. Bbinie). HTaK, o6jiacTbio onpe/jejieHHH norpynceHKH X/,t' HBjraeTCH Kocaa rpaHb 

^Bf) ];sot = 8 T ,Bf := ([T f (r')) x S,) /T f (3.37) 

CTaHflapTHoft kocoh unjinH/jpHHecKOH pynKH Dy = (Df x Sf)/Tf, T.e. o6pa3 rpaHH t' xSf CTaH/japTHoii 
HHjiHHjxpHHecKOH pyHKH Df x Sf npn npoeKH,HH Df x §f ^ H) s }. A o6jiacTbio onpenejieHHH norpy>KeHHH 
Xf,g HBjiaeTCH oGi-eflHHeHHe nonapHO HenepeceKaioiHHXCH kocmx rpaHeli pyHKH Bj : 

d l9U^\k ot = 9 9 W f ■= d d 9 D f) >< S/) /F/. (3.38) 

IloflHepKHeM, hto <9 T /B^j ^ = 9 T /Pjjj. t , Xf,r' = Xf,r[ ^ JIH JnoGoft rpaHH r{ € Tj(t'). 

IlycTb [/] isot -< [g] isot -< [gi} isot , npnneM [g] isot = d T >[f] isot , [gi]i so t = S T "[f] isot flfls. HeKOTopbix rpaHefl 
t" -< t' -< Tjm, h nycTb f,g,gi — OTMeneHHbie cpyHKHini cbohx KjiaccoB h30tohhocth. H3 (|3.8p h Toro, 
hto rpynnbi Diff (M,C gi ) n stab ^051 ^elicTByioT TpnBHajibHO Ha kocoh pynKe 1D)|*, nojiynaeM 

Xg,gi Xf,g\d T „Bf = Xg,h*° T ,(r") Xf,r'\d T „of = Xf,r" = Xf, gi \d T „Bf- ( 3 - 39 ) 

IloKajKeM, hto norpyjKeHHe Xf,g hbjihctch BjionceHneM (a noTOMy Xf,r' HBjiaeTCH MOHOMopcpH3MOM 
CTaH^apTHbix kocmx nnjiHHflpHnecKHX pyneK, cm. onpejejieHHe 12 . 3T D) . BBH/xy npnycTHMOCTH norpy>KeHHH 
()3.35p ). ripejxnojioJKHM, hto u\, Ui G Uf° h hj T i{u\) = h*h*j r , (1*2) flJia HeKOTopbix h G stab @og h r{ -< Df, 

TaKHX hto 5 T ^[f] isot = 5 T '[f] isot = b]isot- IloKajKeM, hto u\ G I/(ii 2 ), rne C Aut(#j) — rpynna 
aBTOMop4)H3MOB OTHOCHTejibHbix KoroMOJiorHH, HHflyi^HpoBaHHaH rpynnoft KjiaccoB OTo6pa»ceHHH Tf = 
(stab^o/)/(stab^o/)°. HMeeM 

Ul = {h*f y )- l h*h* fT[ (u 2 ) = (h fA hh-^y(u 2 ) 

= (V/,A fc i;A^fA// (,<a) = = ^(t*.), (3-40) 

r^e "B03Myrn;eHHbiM" cpyHKi^HHM /, /1 OTBenaioT rpaHH t',t[ no npaBHjiy <j3.3|) . h^r j '■= h,j hh -1 - , 
h± := h Q .j j^h 1 ,j^ jh~ ~. Tax KaK ,a;H(p(beoMop(pH3M j G nepeBOflHT jihhhh ypoBHH cbyHKn;HH / b 
jihhhh ypoBHH (pyHKi^HH /i c coxpaHefflieM HanpaBjieHHH pocTa (b cnjiy h G stab^og), to / = ft^/l^i.? 7 

fljia HeKOToporo /i2 G Diff + [— 1;1], OTKyu;a / = h2fi(h~ 1 ~h\h n ,7), T.e. fln4)4)eoMop4)H3M /ii G 

____ ____ 0;/i/i U, J'J ^ ^ 

nepeBO^HT jihhhh ypoBHH cbyHKinm /* := fh~^,~B jihhhh ypoBHH cpyHKii;HH f£ := fih~* ~ c coxpaHeHHeM 
HanpaBjieHHH pocTa. OTcio/j;a h H3 Toro, hto o6e "B03MymeHHbie" cpyHKn,HH /*, /* 6jih3kh k / h hmciot Te 



23 



JKe KpHTHHeCKIie TOHKH, HTO H "HeB03MyiHeHHaH" (pyHKHHH /, cjienyeT, HTO hi G Diff(iVf, CfQ,Cfl,Cf 2). 
OcTajiocb ^OKa3aTb, hto G (stab^o/)(Diff°(M, C/)). TaK KaK /* = /i2/i^i 5 T0 

hi(Gj t ) = G Jv J(c(/j») = J(c(/*)) =: J, => J(c(// il )) = J(c(/)) =: J (3.41) 

(Tax KaK H3 Toro, hto nepecTaHOBKa /ii|c/ 1 : — > cenjioBbix ToneK nepeBOHHT OTHOineHHe ia- 
cthhhoto nopanKa J(c(fD) Ha MHoncecTBe Cyi 3HaHeHHHMH ohhoh "B03MymeHHoii" 0-KouenH c(/j") = 
/*|c/i G C°(C/ i i;lR) b OTHOineHHe nacTHHHoro nopanKa J(c(/*)) Ha MHoncecTBe C^i 3HaneHHHMH npy- 
rolt "B03MymeHH0H" O-KouenH c(/*) = /*|c/i G cjienyeT coxpaHeHHe stoh nepecTaHOB- 

koh "6ojiee cjia6oro" OTHorneHHH nacTHHHoro nopanKa Ha Cf t i 3HaneHHHMH "HeB03MymeHHOH" 0-KouenH 
c (/) = f\Cf 1 G C°(C/,lj K)). TaK KaK (pyHKHHH /, //ii HMeioT oflHH h Te JKe MHoncecTBa Cffi, C/,i, Cfp Kpn- 

THHeCKHX TOHeK MHHHMyMOB, Ce/IJIOBblX TOHeK H TOHeK MaKCHMyMOB, TO, COTJiaCHO (|3.4ip H flOCTaTOHHOMy 

ycjioBHio H30TonHOCTH (pyHKi^HH Mopca (cm. (31j jieMMa 1]), flocTaTOHHO noKa3aTb coBnafleHHe rpacpoB 
Gfh± = ho(Gf) ,a,jiH HeKOToporo HH(p(peoMop(pH3Ma ho G Diff°(M, Cf), cm. o6o3HaHeHHe 12.51 h (|3.8p (T.e. 
hto rpacpbi Gf h Gfh x H30TonHbi b noBepxHOCTH M' := M\{Cffl\JCf^) OTHOCHTejibHO MHOJKecTBa BepuiHH 
06o3HaHHM C/,0,2 := C/,o UC/ 5 2- 

JieMMa 3.5. Ilycmb f G F 1 , u G Uf° C Hj, u nycmu e o6o3Hauenunx (j3.3[) eo3M,ym i ennou (pynKU,uu f* : = 
0- 7 omeeHaem 8 P aHb T ' := r j( c (/*)) T J(c(/))- Tozda zpatp Gf C M (cm. o6o3HaHeHHe 12 .5| ) coenadaem 
c moHHOcmbw do du$>$>eoMop$)U3Moe U3 Diff°(M, Cj) c nenomopuM gpa$OM G := G M c G _ u j , C M 7 

paccMampueaeMUM c moHnocmuto do du$$eoMop$)U3Moe U3 Diff°(M, C/ 5 o,2 U V(G)) u onpedejisieMUM 
cjiedymvu^uM naGopoM dannux: (i) noeepxnocmu M; (ii) nodMHOMcecmeo C^o,2 := Cf,o U Cf,2 C M; (Hi) 
zpatp Gj, C M' := M\C/ i o,2; paccMampueaeMuu c mouHocrnvm do du$(peoMop<pu3Moe U3 Diff°(M, C/^^U 
V{Gj t )); (iv) kjiclcc omnocumeAbnux 1-kozomoaozuu u G Uf° C = H l (M' ,V{Gj-,);M); (v) dea 
omHomeHUH uacmuuHogo nopstdna J := J(c(/*)) -< J := J(c(/)) hs MHOMcecmee V(Gj,) eepuiun zpaaia 
Gj. M 3HaueHUHMU giyHKVtUU f,f* na eepuiunax (coomeemcmeenHo), zde uepe3 V(G) C G o6o3HaueHO 
MHomcecmeo eepuiun zpacfxi G. To ecrm>, ecjiu na6op dannux (i)-(v) nocmpoen ynasannuM cuoco6om 
no nape "neeosMyinennou" u ll eo3Mym ) enHou" pynKuuu f,f*, UMewm,ux odno u mo Mce Mnowcecmeo 
KpumuuecKux moueK, mo Gf 6 (Diff°(M, Cf))(G) djw, G := G^ IC ^^ G ^ u jj ( m - e - 8 P a Q c,u Gf u G 
U3omonnu e noeepxnocmu M' omnocumeAbno jvinoofcecmea eepuiun V(Gj t ) = V(G)). 

/IoKa3ameAbcmeo. CHanajia npoBe^eM ,a;oKa3aTejibCTBO b cjiynae, Kor^a r' := tj HBjiaeTCH rnneprpaHbio 
rpaHH r := tj. 06o3HaHHM "B03MymeHHyio" (pyHKii;Hio nepe3 f\ := /*. Tpacp G = G Mr r ^ 7 7 C M 

CTpoHTCH TaK. TaK KaK t' := tj -< t := tj - rnneprpaHb, to pobho o^ho H3 cefljioBbix kphthhcckhx 
3HaneHHH c G /(C/ 5 i) "HeB03Myni,eHHOH" (pyHKHHH / pacna^aeTCH HaflBa ce/i,jioBbix KpHTHHecKHX 3HaneHHH 
cr < c + "B03MymeHHoli" cpyHKH,HH f\. llycTb Zi C M \ Gj^ - TaKan KOMnoHeHTa cbh3hocth MHOJKecTBa 

M \ Gj^, HTO inf f\\z e = C~ H SUp/l|^ f = C + (T.e. Zi HBJIHeTCH OTKpblTbIM H;HJIHH^;pOM flJIH CpyHKH^HH fi, 

cm. ()3.14p ). OpHeHTHpoBaHHbiii rpacp G C Zn Ha30BeM Zp-donycmuMUM, ecjin ero MHOJKecTBO BepnniH 
co^epjKHTCH b MHOJKecTBe BepuiHH rpacpa Gj^ a BHyTpeHHOCTb KaJK^oro ero pe6pa co^epjKHTCH b Z^. 

Z^-flonycTHMbiH o,HHope6epHbiH opHeHTHpoBaHHbiH rpa4) 70 c napaMeTpH3ainieH 70 : [0; 1] — > Z^ Ha30BeM 

(Z£,u)-MUHUMaAUHUM, ecjin 

u([ 7o ]) = min{u([7]) | 7 G Zf da \ 7 | [0;1/2] = 7o|[o ; i/2], > °} , 

r^e nepe3 Z^ dm o6o3HaHeHO MHOJKecTBO Z^-flonycTHMbix o,n,Hope6epHbix rpacpoB. H3 BKjHoneHHH u G 

C C/2° h onpeflejieHHH noflMHOJKecTBa [72° c Hi cjie,a,yeT, hto yKa3aHHbiit MHHHMyM flocTHraeTCH 
1 h h 1 
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fljis jiio6oro Z^-flonycTHMoro o,HHope6epHoro rpacpa 70, npnneM pobho Ha o^hom z^-flonycTiiMOM o^ho- 
pe6epHOM rpacpe c TOHHoerbio pp roMOTonnn b Kjiacce Z^-flonycTHMbix rpacpoB. Bojiee Toro, HMeeTca Zg- 
flonycTHMbifi opneHTHpoBaHHbin rpacp Ge C Z#, KajK^oe pe6po KOToporo HBjiHeTca (Zi, ii)-MHHHMajit>HbiM 

H KOTOpbffl COflepjKHT B KaneCTBe pOBHO OflHOrO H3 CBOHX pe6ep JIK)6oii (Zi, u)-MHHHMajIbHbIH oflHope6ep- 

Hbiit rpacp c TonHoerbio po roMOTonHH b Kjiacce Z^-flonycTHMbix rpacpoB. IlpnneM rpacp Gi c yKa3aHHbiM 
cbohctbom e^HHCTBeH c TOHHOCTbio po roMOToniiH b Kjiacce Z^-flonycTHMbix rpacpoB. 06o3HaHHM nepe3 
G C M rpacp, nojiyneHHbin H3 rpacpa Gr 3aMeHon no/irpacpa dZ^ cooTBeTCTByiomnM rpacpoM Gi pna 

KajK^ofi KOMnoHeHTM cbh3hocth Zi C M\ G^, TaKoii hto Zi C fr ([c~;c + ]). HeTpyznro noKa3biBaeTCH, 

nro Gf G (DiS°(M,Cf))(G). 

B o6meM cnynae hmciotch Taicne nocjie,n,OBaTejibHOCTH rpaHen r', r", . . . , rpaHH r =: h 

cooTBeTCTByioiuHX OTHOineHHH HacTHHHoro nopa^Ka J =: J' , J" , . . . , Jw -1 ), ju) := J 5 xj T0 r (i— 1) = 7j(i_i) 
HBjiaeTCH raneprpaHbK) rpaHH 7"W = 7j(i), 2 < i < j. ITycTb jfj := / - HeB03MymeHHaH cpyHKUHH, h /j - 
B03Myru,eHHaH cpy hkhhh , KOTopoit OTBenaeT rpaHb no npaBHjiy <j3.3|) . npnneM Cj = Cf, 1 < i < j — 1. 

Onpe,n,ejiHM HH^yKTHBHO no rpacpy G' := Gr = Gj„ C M rpacpbi G^ +1 ^ := G hICfQ 2 G (<) u npn 
i = 1, 2, . . . , j — 1. ITojiojkhm G M( ,^ 2 C~ m J J := ^ ^ 3 fl OKa3aHHOro Bbime cjie/ryeT (no HH/ryKHHn), 

hto G^ +i G (Diff°(M,C/))(G^ +1 )) npn i = 1,2, . . . B nacTHocTH, G/ = Gj G (Diff°(M, C/))(G^). 

JleMMa 13.51 ^OKasaHa. □ 

H3 jieMMbi l3~5l cjienveT BBH/ry (|3,40p h (|3.4ip . hto 

G, G (Diff°(M,C / ))(G MC/o2iG U2iJ(c(/r))iJ ), 

■* 1 

G fhl G (Diff°(M,C Al ))(G M) ^ 1(C/0j2)) ^ 1(G )!ft!(u2))J(c{ j^ l)))J(c(Al)) ) 

J 1 

= (Diff°(M,C / ))(G MC/o2 iG .. iUliJiJ ) = (Diff°(M,C / ))(G / ), 

T.e. cjie,a;yeT Tpe6yeMoe BKjironeHne G j/jj G (Diff°(M, Cf))(Gf). TaKHM o6pa30M, h\ G (stab^o/)(Diff°(M, Cf 
OTKy^a u\ G T*j{u2), a 3HannT, OTo6pa>KeHHe HBjiaeTCH BjioJKeHneM. 

4 IlocTpoeHHe KOMnjieKca K ocHanjeHHbix (pyHKijHH Mopca 

B ,n;aHHOM naparpacpe ctpohtch kocoh n,HjiHHflpnnecKH-nojiH3flpajibHbiH KOMnjieKC IK (cm. onpeflejie- 
Hne 12.4( B)). yn,OBjieTBopnioiii,HH ycjiOBHSM TeopeMbi 12.61 Mbi nojiynnM KOMnjiexc K. H3 CTaH,a;apTHbix 
Kocbix i^njiHHflpHnecKHX pyneK, onncaHHbix b ^3] nyTeM npnKjienBaHHH ,a;pyr k ,n,pyry no nocTpoeHHbiM 
TaM OTo6p a>KeHHSM HHri;HfleHTHOCTH. KoHCTpy Ki^nn , npHBefleHHaa b flaHHOM naparpacpe, HBjineTCH 0606- 
meHneM KOHCTpyKi^nn H3 [SI §5], rpe 6bijin nocTpoeHbi (npn flonojiHHTejibHOM orpaHnneHnn p = p*, q = q*, 
r = r*, T.e. Kor^a Bee KpnTnnecKne tohkh cpHKcnpoBaHbi) 6ojiee npocTbie KOMnjiexcbi K n K (KOMnjieKCbi 
cpyHKi^nfi Mopca), HBjrinoinHecji CTporo nojins^pajibHbiMH KOMnjiexcaMH (cm. onpeaejieHne 12.41 (C)). 

IlycTb /* G F 1 - 6a3HCHaH cpyHKn,HH Mopca (cm. onpejejiemie 12 . IT A) ) . B KajKflOM Kjiacce H30TonHOCTH 
[/]isot paccMOTpnM OTMeneHHyio cpyHKn,nio / G [/]isot 3Toro Kjiacca c MHOJKecTBaMH KpnTnnecKnx ToneK 
Cf t \ = Cf ti \, A = 0,1,2 (cm. mar 2), Tor/ra = Hf^, Hj = Hi. PaccMOTpnM TonojiornnecKoe 

npOCTpaHCTBO 

(F 1 / ~isot) discr x V q u l x Hi w (F 1 / ~ isot ) discr x V"- 1 x M. 2q , 

rfle (F 1 / ~isot) dlscr := F 1 / ~; so t c flncKpeTHoii Tonojiorneit, a eBKjinflOB MHororpaHHHK Ff' 1 ~ V q ~ l 
n BeKTopHoe npocTpaHCTBO H\ ~ M? q onpe,a,ejieHbi KaK b ruarn 1, 4 n (|3.1l)p . PaccMOTpnM b btom 
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TonojioriiHecKOM npocTpaHCTBe no^npocTpaHCTBO 

X:= (J {[/]isot} x % ]isot x C/ [/];sot (4.1) 

c HH^yi^HpoBaHHOH Tonojioriielt (cm. Sj3j uiar 2 h (|3.12p ). 

Onpe,a,ejieHHe 4.1 (KOMnjieicc K ocHameHHbix cpyHKHHH Mopca). PaccMOTpHM (paKTopnpocTpaHCTBO 
K := (X/ ~)/ ~gi uc c cpaKTopTonojiorneH, iyje OTHomeHHH SKBHBajie-HTHOCTH ~, ~ g i ue Ha npocTpaHCTBax 
X, Y := X/ ~ nopojKfleHbi cjie/iyioiHHMH OTHomeHHHMH cooTBeTCTBeHHo: 

(oTHOineHHe ~ Ha X; CTaH^apTHaa Kocaa HHjiHH/mHHecKafl pynxa Dfl ) fljra KajK^oro Kjiacca H30Ton- 

hocth [/] isot paccMOT P HM npoeKuino D [/]isot x U [f]isot -> {D [f] . sot X C/[/] isot )/r [/]isot = Bgj.^ Ha CTaH^apTHyio 
Kocyro i^HjiHH^pHHecKyro pyHKy Bj^j. ^ Hbyjeicca k = dimD[j]. sot (cm. £j3l mar 9), paccMOTpHM npoeKUHio 
{[/]isot} x D [f] lsat x u {f] isot -> {[/]isot} x ^[/j;^ =: u [/] iS at' HBjisHomyioca npaMMM npoii3BefleHHeM oto6- 

paJKeHHS {[/]isot} - > {[/]isot} H 3TOH IipoeKUHH, H Ha30BeM TOHKH MHOJKBCTBa {[/]isot} x A/] tsot X ^[/] iao t 

r-'-aKeueaAemriHUMU, ecjin hx o6pa3bi b U[/i isot npii nocjieflHelt npoeKUHH coBna,n,aioT; Tor,n,a Y := X/ ~= 

U[/] isot ^[/]iso t ; 

( OTHOineHHe ~ g i U e Ha Y; OTo6pa»ceHHa HHUH^eHTHOCTH) fljia KaJKfloft napbi npiiMbiKaiomHX KjiaccoB 
[/]isot -< Misot paccMOTpHM BjioJKeHHe, Ha3biBaeMoe omo6pawceHueM UHV^udenmHocmu: 
X[/] isot ,[<?] isot = 5 [ 9 ] i sot ID) [/] isot ^ %] iBOt ( CM - S niarn 3 h 10), r A e S^Bf}]^ co^epjKHTCH b noAoniBe 
9Bffl CTaHflapTHoft kocoh uiuiHHflpHHecKoii pyHKH Brt h HBjiaeTCH o6i>eflHHeHHeM ee nonapHO Hene- 

UJisot |_/Jisot 

peceKaiomnxcH kochx rpaHeft d r tl$% C <91Dri , cm. (13.371) . (13.381) : paccMOTpHM HH^yi^HpoBaHHoe bjio- 

[J \ isot [J \ isot 

™ e d [g]isot v [f)iso t : = {[/lisot} x (d [g]isot B^. aot ) ^ u Wtot (KOTopoe TOJKe o6o3HaHHM nepes X[/] isot ,[ g ] isot ); 
Ha30BeM jno6yio TOHKy MHOJKecTBa d\g] iaot v \f] )aot C Y h ee o6pa3 b «y i>ot C Y npn ^aHHOM BjiojKeHiiii 
~giue -sKeuecueHmHUMU. 

o 

llycTE. py ■ Y — > K - KaHOHHHecKaH npoeKHira. PaccMOTpHM noflMHOJKecTBO Y := (J U[/] isot C Y, 

[/] isot 

o St o 

r fl e ^[/lisot := {L/lisot } x B [/]isot (cm. onpeflejieHHeE31(C)). 06o3HanHM B [/]isot := py(u [/]isot ), B [/]isot := 
PY{v [f]ls J, d® [fUt := PY (dv [f] . s J, d T ,v [f] . sot := {[/] iso t} x (dr'^f/].^), H nepes d [s]isot U[/] i80t o6o3Ha- 
hhm o6 r be r zi,HHeHHe OTKpbiTbix (kocmx) rpaHelt {[/]i so t} x ^((r ) x §[/] isot )/r[/] isot ^ CTaimapTHoii (kocoh) 

I^HJIHH^pHHeCKOH pyHKH «J[/] Uot , TaKHX HTO t' ~< -D[/] isot H 5 T >[f] isot = [#]isot- 

TeopeMa 4.2. TIpocmpaHcmeo K = Y/ ~ g i uc o6jiadaem cmpynmypou kocozo i^uAundpuuecKU-noAUdd- 
pajibHozo KOMiuieKca pama q — 1 c kocumu v^uAundpuuecKUMu pyuKaMuU>[fy iBot = py ( v [f] isot ) C IK ; [/]i SO t £ 
~isot- Tlpu amoM 3jir ak>6o80 KJiacca u3omonHocmu [f]i sot omo6pacHcenue </?[/] isot :=Pr|ur^. : u [/] lsot — ^ 

o 

K neAnemcH xapaKmepucmuuecKUM omo6pawceHueM pyuKU ^\f] isot (omnyda omo6pamceHue py\z : Y — > IK 

Y 

6ueKmueHo), u eunoAHeno 

9 %W t c U %Wt> B [/] isot n B[ 9 ] iS o t = <P\f\i~*$\g]** v \flbJ> ( 4 - 2 ) 

isot 

Vlffluot X[/] isot) [g] isot = ^[/]isotla [s ] i80t "[/] isot dMAKGuX [/]isot ^ [5]isot- (4.3) 

/JucKpemnasi zpynna S> j deucmeyem na K aemoMopifiu3MaMU kocozo v^uAuudpuuecKU-noAuadpaAmozo 

KOMUAeKCa. 
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fioKasamejibcmeo. Illaz 1. Hpn jiio6om ZcGZ paccMOTpmvi no/TMHOJKecTBa 

^ ■■= U C Y = X/ ~, Y := J C Y« 

dimDrfi. <k dimDrfi. <k 

iJJisot — LJJisot — 

c HH/jyinipoBaHHOH TonojiorHeli, h MHOJKecTBO := Y( fc )/ ~ g i uc c (paKTopTonojiorneH. ^oKajiceM jieMMy 

(HHflyKipieH no k) fljia npocTpaHCTB Y^ k \ M>( k \ Y C h npoeKniiH py^ := pyIyW '■ Y^-* — > K.( fc ). 
Ilpn < /;oKa3biBaTb Henero, TaK KaK = 0. 

IlycTb k > 1, H ,noKa3biBaeMoe yTBepjKfleHHe BepHO fljia 

yC*-!), noKaxeM, HTO flJIH KaJK- 

,a,oro [/]isot) TaKoro hto ind^[j] isot = fc, HMeeTCH ("npHKiieHBaioinee") OTo6pa>KeHHe (p'^y : 5«[j] isot — > 

K( fc_1 ) nOflOIHBbl <9l>[fl. KOCOH IJHJIHHjTpHHeCKOH pyHKH t>rfl. , TaKOe HTO (f\ f] \g v , =PYk-l ° 

LJJisot • LJJisot LJJiso t IffJis ot IJJisot ' 

X[/] i8 ot,[s]isot JiK)6oro [g] isot >- [/]isot (a noTOMy mdv[ g ]. sot < k), cm. (|3.38|) h (|3.37p. ^eitcTBHTejibHO, 

3to OTo6pa>KeHHe O^HOSHaHHO, TclK KcLK ,iyi5I JIK)6bIX [<7l]isot >" [fflisot >~ [/]isot H T" -< £)[/] isot , TaKHX HTO 
M/Wt = Misot, BbinOJIHeHO PY,k-l O X[/] isot ,[ 91 ] isot Ifl^w, =J>y,fc-l X[g] Jsot) [gi] i8ot °X[/] isot) [g] isot la r ,^ / = 

Py,fc-i ° X[/] isot ,[ 9 ] isot b T „^ BB W (|3.39|) h ([O]) AJiH Y^" 1 ), K^ 1 ). OTo6pajKeHHe ^'[/] isot nenpepbiBHO, 
TaK KaK ero o6jiacTb onpeflejieHHH aBjiaeTca KOHenHbiM (BBH^y (|3.3p ) o6b>e,n;HHeHHeM 3 aMKHy tmx no,a;- 

MHOJKeCTB $[g] isot ^[/] isot ; TaKHX HTO [g]i so t >*" [/]isotj H ero OrpaHHHeHHe Ha TaKOe nOflMHOJKeCTBO eCTb 

KOMno3HHH5i PY,k—i ° X[/] isotl [g]i SO t HenpepbiBHbix OTo6pa»ceHHH. OTo6pajKeHHe (pi^ ^ mrbeKTHBHO, TaK 
KaK ero orpaHHneHHe w! f] L = pyfc_i o vm. r_i. | Ha oGb-e/niHeHHe OTKpbiTbix 

[JJisot'g, , Urfi. ' LJ JisotiLyjisot ig 

LSJisot iJJisot IfJisot ulisot 

rpaHeft, OTBenaioiHHX Kjiaccy [<?]i so t >~ [/]isot> HBjraeTCH KOMno3HinieH BjioJKeHHH X[/] iaot ,[g] isot I ° 

^[fllisot^t/Iisot 

n pYk—l\° ( BBH rAY SI mar 10, h 6neKTHBHOCTH pY t k-l\ a (fe-i) ) j a o6pa3bi TaKHX orpaHHHeHHii co^ep- 

U ls]isot y 

xaTCH b OTKpbiTbix pyHKax py )fe _i o X[/] isot ,[ 9 ] isot (5[ 9 ] isot ^[/] isot ) C PY,k-i(v [g]isot ), KOTopbie nonapHO He 

nepeceKaioTca (flJiH pa3Hbix KjiaccoB [gjisot) BBH Ay 6h6kthbhocth pyjfe-i| Q (fc-i). 

Y 

OTo6pajKeHHe TonojiorHHecKHX npocTpaHCTB Ha30BeM xopomuM, ecjin oho nepeBO^HT jno6oe 3aMKHy- 
Toe noflMHOJKecTBO b 3aMKHyToe noflMHOJKecTBO. OTo6pa»ceHHe (^j^j ^ HBjineTCH xopouiHM, TaK KaK ero 
orpamrreHHe Ha KajKflyio Kocyio rpaHb d T >V[ f j. got C ^^.^u^.^ (fljia r' -<! -D[/] isot , <5 r /[/] isot = ^isot) 
ecTb KOMno3HH,HH PY,k-i \v< g ]. ° X[/] isot ,T' (aBTOMaTHHecKH xopouiero, cm. onpeflejiemie I2.3P mohomop- 
4)H3Ma X[/] isot ,r' kocmx ijHjiHHflpHHecKHX pyneK (cm. ^3l uiar 10) h (aBTOMaTHHecKH xopouiero) xapaK- 
TepHCTHHecKoro OTo6pa»ceHHH PY,k-i\v[ a y t kocoh pyHKH PY,k-\{ v [g\ isot ) C K^ -1 ) (no npe,n;nojiOJKeHHio 
HH,a,yKH,HH) , a KajK^aa Kocaa rpaHb 3 aMKHy Ta h hx KOHeHHoe hhcjio. OTcro^a cjie,n;yeT, hto iX( fc ) roMeo- 
MopcpHO npocTpaHCTBy (c (paKTopTonojiorHelt) , nojiyneHHOMy H3 npHKjieHBaHHeM kocmx hhjihh- 

flpHHecKHX pyneK V[/] isot HH,a,eKca k npn noMoni,H HHT.eKTHBHbix HenpepbiBHbix xoponinx OTo6paJKeHHH 
(pin t : dvyj. sot — > IK^ -1 ) hx no^oniB, anoTOMy yflOBjieTBopaeT ycjioBHio (w) H3 onpe jejieHHg 1 2 . 4T B ) . 
IlosTOMy oSjia^aeT CBoiicTBaMH (14. 2h h (14. 3D . OTo6pajKeHHe PYk\v\n HBjineTCH HnbeKTHBHbiM, 

1 U lisot 

HenpepbiBHbiM h xopouiHM, a noTOMy 3a,ij;aeT CTpyKrypy kocoh i^HjiHHflpHHecKoii pynKH Ha PY,k{ v \f] isot ) 11 
HBjiaeTCH xapaKTepncTHnecKHM OTo6pajKeHHeM stoh pynKH. IlpocTpaHCTBO c nojiyneHHbiM pa36ne- 
HHeM Ha Kocbie nHjinH/rpHnecKHe pynKH PY,k( v [f] iBOt ) yflOBjieTBopaeT ycjioBHio (c) H3 onpejiejieHHH ITIT B) . 
TaK KaK orpaHHnemie xapaKTepHCTnnecKoro OTo6pajKeHHH pyfcL m jiio6oh pynKH v\t]. HH^eKca k 

' Ulisot ' LJJisot 

Ha KajK^yio cboio Kocyio rpaHb d T >V[f] lsot ecTb KOMno3Hii,HH PY,k\d T ,v [f]ieot = h-i ° ^'/] isot \d T ,v [f]iaot = 

ijfc-1 PY,&-l°X[/] i8ot ,r' = PY,k\v [g] . aat °X[/] isot ,r' MOHOMOp(pH3Ma X[/] isot ,r' CTaH^apTHblX KOCMX H,HJIHHflpHHe- 

ckhx pyneK h xapaKTepncTHnecKoro OTo6pa>KeHHH pY,k\v^. t kocoh i^HjiHH^pHnecKOH pynKH PY,k(v[g] iBOt ), 

r^e ik-i '■ > - OTo6pajKeHHe BKjnoneHHH. 3HanHT, HBjineTCH kocmm nHjiHH^npHnecKH- 

nojiHSflpajibHbiM KOMnjieKCOM paHra k, hto 3aBepniaeT flOKa3aTejibCTBO HH/i;yKii;HOHHoro nepexo^a. 
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Ulaz 2. OnpeflejiHM (ecTecTBeHHoe) npaBoe fleftcTBiie py : £l/£l x Y — > Y fliicKpeTHoft rpynnBi £&/ 2$° 
Ha npocTpaHCTBe Y cpopMyjioft 

(^^[/]isot,f [/]isot (c,«))^([/^] isot ,r [AUt (^ 

npn jiio6bix h e @, ([/]i so t, c, u) G X (cm. kohch, inara 9), r^e /ii ; [/] isot ,[/h] isot G C - fliicp- 

CpeOMOpGpH3M, nepeBOflHmHH JIHHHH ypOBHH OTMeHeHHOH CpyHKHHH KJiaCCa H30TOIIHOCTI1 [//l]isot B JIHHHH 

ypoBHH OTMeneHHOH (byHKiniH Kjiacca h30toiihocth [/]isot c coxpaHeHHeM HanpaBjieHHH pocTa. 3to flefl- 
CTBHe onpe^ejieHO KoppeKTHO, TaK KaK b cnjiy |31| jieMMa 1] fljis jho6bix h\, hi G Si BbinojiHeHO 

SLf]isot,[Aift2]isot /ll ;[/]isot 1 [/'ii]i S ot /l i;[A 1 ]i S ot,[AiMisot G (stable g) (Diff°(M,C 9 )) 

h ^eiicTBHe rpynn stab ff £P° h Diff°(M, C 9 ) Ha kocoh HHjiHH^pHHecKOH pynxe Bf^. ^ TpHBHajiBHO (cm. 
(|3.34p . (|3.33p ). r,n,e g - OTMeneHHan cpyHKHHH Kjiacca h30tohhocth [//ii/^hsot- A 1151 Jno6bix [/]i so t -< [ffjisot 
(a noTOMy [//i]i so t -< [fi^hsot fl- 1151 Jiio6oro h £ 0) onpe^ejiHM OTo6pa»ceHHe HHHH/j;eHTHOCTH 

Af\M : U (^Aot^IAWt) U ^Wisot 

npaBHjioM Xlfl^jlVu^M,,,,, := XlMWMW ■ "VUt^AWt -> u faA]toot jjjih Jiio6oro fc 6 I. Oto6- 
pajKeHHe X[/],[g] onpe/jejieHO KoppeKTHO, Tax KaK fljis jno6bix [/]i so t H fti £ stab^o/ no^MHOJKecTBa 
^[fflisot^I/lisot) d [9hi] lso t v [f]isat c 9u [/lisot J ™ 6 ° coBHa^aioT (oTKy^a [#] isot = [ghi] isot ), jih6o He nepeceKa- 

IOTCH BBHJXy JieMMBI [3TT1 (CM. £j3j Hiar 10). OTo6paJKeHHe X[/],[g] HBJIHeTCH (f^/f^ )-3KBHBapHaHTHbIM (T.e. 

X[f] Ag] o py(h, •) = py(h, X[f],[g](')) W 13 Jiio6oro h G TaK KaK BBH/ry (j3.5j) BbinojiHeHO 

/T^ri T M[m lsot ,h* m (r') G (stab^o5i)(Diff°(M,C sl )) H^eftcTBHa rpynn stab^o^i HDiff°(M,C 51 ) 

LJJisot) M/Jisot'SJ ^isot 

Ha CTaHflapTHOH KOCOH HHJIHHJjpHHeCKOH pyHKe , t TpHBHajIbHBI , rfle r' -< ^[/] isot j <5r'[/]isot = [<7]isotj 

gi - OTMeneHHaa cpyHKHHH Kjiacca h30tohhocth [gh]i sot , h G 3. IIoBTOMy npaBoe fleiicTBHe py HH/xyini- 
pyeT npaBoe ^eitcTBHe p* : /S>° x IK — >• IK aBTOMopcpH3MaMH Kocoro HHjiHH/rpHHecKH-nojiHBjjpajibHoro 
KOMnjieKca, TaKoe hto p* {hS>° ,py{y)) := py o py(h@ ,y) pjw JiK)6bix h G @, y G Y. 

B nacTHOCTH, ,a,eHCTBHe p*(h^°, •) jno6oro sjieMeHTa G S> Ha KOMnjie-Kce IK HH^ryinrpyeT 

H30MOpCDH3M B[/] isot —> ^[/W isot KOCblX HHJIHHJXpHHeCKHX pyHeK ^[/] isot ) D[/M isot C IK flJIH JIK)6oH CpyHKHHH 
f E F. IloSTOMy 3TH pyHKH H30MOp(pHbI OflHOH H TOH JKe CTaHflapTHOH pyHKe (D f Q x §>y )/Tj , r^e /o - 
OTMeneHHaa cpyHKHHH Kjiacca SKBHBajieHTHOCTH [/] = [fh]. TeopeMa 14.21 nojiHOCTbio /i;oKa3aHa. □ 

AHajiorHHHO onpejejieHHio I4TT1 onpejejiHM rjia^Koe MHoroo6pa3He A4. A hmchho, paccMOTpHM b eB- 
kjih^obom npocTpaHCTBe H® = M c /> 1 = R q orapbiTbiH Ky6 (—1; 1) s > 1 = (— 1; l) q , h ,h,jih jiK)6oit rpaHH 

t = tj C T^j" 1 paccMOTpHM ee BHyTpeHHOCTb r h o6o3HaHHM nepe3 (r)* mhojkcctbo TaKHX 0-KOH.eneH 
d G (-l;l) c ^ C ffj = M 9 , hto J(c') = J (cm. ^3l uiar 1), a nepe3 r* o6o3HaHHM MHOJKecTBO TaKHX 

0-Koii;eneH c' G (— 1; l)^- 1 = (—1; l) q , hto J(c') ^ J. Ha30BeM (r)* cmpamoM, a r* - 3ee3dou 3Toro 
CTpaTa (oTBeHaioHi,HMH rpaHH r). Tor/ja 3Be3fla r* OTKpbiTa b H®, 

(t)* C r*, r C r*, (4.4) 

CTpaT (r)* ecTb BbinyKjioe OTKpbiToe no^MHOJKecTBO HeKOToporo |/(Cy j i)|-MepHoro jniHeiiHoro no^npo- 
CTpaHCTBa b Hp rpaHb r ecTb BbinyKjibiii (q — |/(C/ ) i)|)-MepHbift MHororpaHHHK, npHHeM rpaHb r h 

CTpaT (r)* nepeceKaioTCH TpaHCBepcajibHO b 6apnu;eHTpe rpaHH r, HBjunom,eMCH BHyTpeHHelt tohkoh 

° o 

KajK^oro H3 hhx. IIojiojkhm D*j-y ^ := T j( c (f\y \D[f] lsot )* '■= ( T j(c(/)))*- PaccMOTpHM b npocTpaHCTBe 
(F 1 / ~isot) dlscr x (— 1; l)^' 1 x Hi no^npocTpaHCTBa 

^■■= U {[/]-t}X% sot X^ isot , 

[/] isotG-F 1 /~i sot 
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X°°'°*:= U HfUt} x (D [f]isot r >< Wh^ 
[/]isoteFV~isot 

rfle UPS onpeflejieHO KaK b ([3~13l) . HivieeM BKjironeHHa X C X 00 '* u X°°'°* C X 00 '*. 

L/Jisot 

AHajiorHHHO onpe^ejieHHio 14.11 onpe^ejiHM OTHomeHiie 3KBHBajieHTHOCTH ~ Ha X 00 '* c noMomtio no- 
KOMnoHeHTHoro ^encTBHa Ha D? f] x C/ r ?S ^HCKpeTHOH rpynnbi T\ f ]. (cm. 931 niar 9). Onpe^ejiHM 

L/Jisot L/Jisot U Jisot 

[J Jisot 



"OKpeCTHOCTb" CTaH,fl,apTHOH pyHKH 



KaHOHHHeCKHe npoeKIl,HH. PaCCMOTpHM "OKpeCTHOCTb" Dffl'. := py(wf?,'* ) KOCOH HHJIHH/ipHHeCKOH 



Onpe,n,ejiHM OTHonieHHe SKBHBajieHTHOCTH ~ g i ue Ha Y°°'* := X 00 '*/ ~ c noiiombio bjiojkchhh 
X?fi r i : 9\ a ]. . ) st ^ (Bf^'* ) st , onpeflejiaeMBix TeMH »ce cpopMyiiaMH, hto h bjiojkchhh 

U JisotiL^Jisot Lyjisot v L/Jisot L/Jisot 

X[/] iso t,[9]iBot : a [9]isot ID) [/] isot ^ B & iaot ( CM - S3 mar 10 )' PaCCMOTpHM npocTpaHCTBa 

Y°°'°* := X 00 ' */ ~, Y°°'* := X 00 '*/ ~, M := Y°°'* / ~ g i ue 
c (paKTopTonojiorHeit, Tor^a K C A4. IlycTb 

p x : X 00 '* -■> A4, p y : Y°°>* -> 

Vltsot ^ 

pyHKH JT5[/] isot C K. b A4. 

TaK KaK X 00 '* HBJiaeTCH rjia/i,KHM otkpbitbim 3g-MepHbiM MHoroo6pa3iieM c ecTecTBeHHoii njiocKoii 
acpcpHHHoft cbh3hoctbk), h KajKflaH rpynna IV|. got fleftcTByeT Ha HeM /HicpcpeoMopcpHSMaMH, coxpaHHio- 
itjhmh CBH3HOCTb, to Y°°'* TOJKe HBjiHeTCH rjia^KHM OTKpbiTbiM 3(?-MepHbiM MHoroo6pa3HeM c njiocKoii 

aCpCpHHHOH CBH3HOCTbK>. 

TeopeMa 4.3. IIpocmpaHcmeo Ai := Y°°'*/ ~ g i U c o6jiadaem cmpynmypou ZAadnozo 3q-Mepnozo mhozo- 
o6pa3UH u ecmecmeeHHOu uaockou acficfiuHHOu cesi3HocmbK), ZAadnou omnocumeJibHO smou cmpynmypu. 
TIpu 3moM Oah KdMcdozo KJiacca u3omonHocmu [/]i so t eunoAnenu CAedymu^ue ycAoeun: 

(i) nodMHowcecmeo B??,' = PY( v Tn* ) C Ai omnpumo, zde py : Y 00 '* — > Ai - npoenv^uH, 

l/Jisot [/Jisot 

(ii) omo6pawceHue pyL°°>* : — > At neAnemcH ZAadnuM pezyAHpHUM eAoofcenueM ZAadKux 3q- 

Lflisot [/lisot 

Mepuux MHozoo6pa3uu, coxpaHMH}iu,uM a<$$uHHyio ceH3Hocmb. 

Omo6pacHcenue Py\y°o,°* '■ Y 00 ' * — > Ai 6ue%mueH0. JJucKpemnasi zpynna 0/0° u zpynna Diff + [— 1; 1] 
deucmeymm na Ai cnpaea u CAeea coomeemcmeeHHO du(pcfieoMopcf)U3MaMU, coxpansimvdxiMU aaiaiuHHyw 
ceH3Hocmb u o6Aacmu . 

[J \ isot 

JJoKasameAbcmeo. AHajioriiHHO flOKasaTejibCTBy TeopeMbi 14.21 joKa3aTejibCTBO npoBO/niTca HH^yKi^iieH , a 

HMeHHO, ,Z],OKa3bIBaeTCH 0,HH03HaHH0CTb, HenpepblBHOCTb H HHb.eKTHBHOCTb COOTBeTCTByiOmHX npiiKjieiiBa- 

lomnx OTo6pa»ceHHH, a TaioKe 6neKTHBHOCTb OTo6pajKeHHa py Iyoo.o* : Y 00 ' * — > Ai. Tax KaK Ka>K,n,oe npn- 
KjieHBaiomee OTo6pa»ceHHe (<p?^{ )' onpe/i,ejieHO Ha OTKpbiTOM no,zi,MHOJKecTBe OTKpbiToro no^MHOJKecTBa 

[J J isot 

f C Y°°'* h HBjiaeTCH HenpepbiBHbiM h HHb>eKTHBHbiM OTo6pajKeHHeM 3g-MepHbix MHoroo6pa3Hit, to 



J isot 

V OTKpblTO B Ai H py\ v ^,* ■ V ??,'* — > B^,'* C HBJIHeTCH rOMeOMOp(pH3MOM (b HH/iyH^ipOBaH- 



sot 



J isot 



hoh TonojiorHn). B HacTHOCTH, KaJKflaH TOHKa npocTpaHCTBa Ai o6jia/i;aeT OKpecTHOCTbio, roMeoMopcpHoli 

oo,* 

isot 



q . TaK KaK npocTpaHCTBo Ai xayc,n;opcpoBo (cm. HH»ce), a Bee oto6p a JKeHiis Xm * r i. ( a noTOMy h 
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Bee npiiKjieiiBaiomHe OTo6pa»ceHHfl) hbjihiotch rjia/jKHMH h coxpaHHioT njiocKyio acpcpHHHyio CBH3Hoerb, 

TO Ai HBJIHeTCH TJiaflKHM 3^-MepHbIM MHOrOo6pa3HeM C eCTeCTBeHHOH njIOCKOH aCpCpHHHOH CBH3HOCTBIO. 

OcTajiocb ,n,OKa3aTb, hto npocTpaHCTBO Ai xayc/xopcpoBO. PaccMOTpHM ecTecTBeHHoe HenpepbiBHoe 
"BbiHHCjraioiHee" OTo6pa»ceHHe 

Ev * : X W/Y, q , ([/] isot5 c, u) h- S 9 c, 



r/j;e rpynna nepecTaHOBOK S g fleiicTByeT Ha jiio6om Ha6ope c £ Ir-f- 1 = nepecTaHOBKaMH KOMnoHeHT. 
JlerKO npoBepaeTCH, hto oho HH/xyinipyeT (aBTOMaTHuecKH HenpepbiBHoe) OTo6pa»ceHHe Ai — > IR^/Sg, 
KOTopoe To»ce 6ya;eM o6o3HauaTb nepe3 Ev*. IlycTb 7771,7772 G Ai. Ecjih Ev*(mi) ^ Ev* (777-2), TO tohkh 
7771,7712 o6jia r naioT HenepeceKaioiiiHMHCH OKpecTHOCTHMH BBH/xy xaycnppcboBOCTH M q /T, q h HenpepbiBHOCTH 
Ev*. IlycTb Ev*(?77i) = Ev*(?772) h vrii E B??,* , 7 = 1,2. Ecjih [/i]i so t 7^ [/2]isot, to b cnjiy jieMMbi I3~T 
He cymecTByeT Kjiacca h30tohhocth [<7]i so t, TaKoro hto [<7]i so t >~ [/?.]isot, i = 1,2, a noTOMy o6pa3bi npn- 
KjieHBaioHi,HX OTo6pa»ceHHH (ip??\ )', % = 1,2, HMeiOT nycToe nepeceneHHe, OTKy/ia OKpecTHOCTH B??'-, 

LJi J isot l/i J isot 

ToneK mj, i = 1,2, b M HMeiOT nycToe nepeceHemie. Ecjih [/i]i so t = [/2]isot H m\ 7^ m 2, T0 tohkh 
7771,7772 G B??',* o6jia/j,aioT HenepeceKaiomHMHCH OKpecTHOCTHMH BBH/j;y otkpbitocth Bf?'f , xayc/rop- 

L/lJisot " iJljisot 

cpOBOCTH cTaH/j,apTHoro npocTpaHCTBa (^j^']* t ) st H roMeoMopcpHOCTH Bj^'j* ^ ~ ^Lfi]* t ~ t^* ^ CM ' 

Bbiuie). TaKHM o6pa30M, npocTpaHCTBO Ai hbjihctch xayc/xopcboBbiM. TeopeMa 14.31 joKa3aHa. □ 



TeopeMbi 14.21 h !4T3"l iioKa3biBaioT ocHOBHyio TeopeMv l2.6f A.B) . YTBepHC/reHHe n.(C) TeopeMbi l2.6l HeTpvj- 
ho BbiBOflHTCH H3 (I3.25p h HBHoro onHcaHHH (|3.24p Ha6opa o6pa3yioiiiHX cbo6o;ihoh a6ejieBoii rpynnbi 
#n6/ (cm. El uiar 7). 
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